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Goal

e Get an idea of the challenges of exploration in bandits/RL

e Get an idea of how information theory can be used in bandits/RL algorithm
design and analysis

e Get some theoretical open problems to work on



Partl. RL and the Exploration-Exploitation Tradeoff



Core Challenges of RL

Today, we focus on “exploration”

(or the “exploration-exploitation tradeoff”)
Generalization

Exploration Credit Assignment



Supervised Learning

X f > Y
feature label

Cat

foq Fﬁg'? )

1000mm precipitation

f (temperature, humidity,...)

Given a lot of (x, y) pairs, find an f that such that f(x) = y




Reinforcement Learning

User profile —»

T

feedback
4.2
Recommender ?
?
cat 1
Classifier dog 0
tiger 0

Bandit feedback

Full-information
feedback

RL usually deals with bandit feedback




Bandit Feedback

e Needs exploration

User profile —

Recommender




Non-Contextual Bandits vs. Contextual Bandits

Non-Contextual Bandit(:

Context —

Contextual Bandit

E.g. the user’s history,

location, social network

activity, ...

all-user recommendation

personalized recommendation



A Comparison

Non-Contextual Bandit Input — Supervised Learning f

No input, bandit feedback ' Takes input, full-information feedback 3.1

Input — Contextual Bandit

Takes input, bandit feedback



Multi-Armed Bandits

A non-contextual bandit problem



Multi-Armed Bandits (MAB)

Given: armset A = {1, ..., A}
Fortmet=1,2,..,T:
Learner chooses an arm a; € A
Learner observes r; = R(a;) + zero mean noise

Arm = Action

R(a) is the ground-truth expected reward function

Regret = maxTR(a) — XI_; R(a,)
a

Hope: achieve Regret = o(T)




The Exploration and Exploitation Trade-off in MAB

e Jo perform as well as the best arm, the learner has to pull it most of the time
= need to exploit

e TJo identify the best arm, the learner has to try every arm sufficiently many times
= need to explore



Multi-Armed Bandits Algorithms

Based on mean estimation



A Simple Strategy: e-Greedy

e-Greedy (Parameter: €)

Take action
uniform(A) with prob. € (Explore)
a; = _
‘ argmax, R;(a) withprob. 1—¢ (Exploit)

Y-l {ag=a}rs
522{ [{as=a}

where R,(a) = is the empirical mean of arm a up to time ¢t — 1.

The parameter ¢ balances exploitation and exploration




Regret Bound Achieved by e-Greedy

Theorem. Regret Bound of e-Greedy
Assume that R(a) € [-1,1] and w; is 1-sub-Gaussian.

Then e-Greedy ensures with high probability,

AT 1/3
Regret < €T + /? ~ AY/3T?/3 (choosing € = (?) )

Minimax regret bound: VAT




Can We Do Better?

In e-greedy, the probability to choose arms do not depend on the estimated mean
(except for the empirically best arm).

... Maybe, the probability of choosing arms can be adaptive to the estimated mean?

Potential Solution: Refine the amount of exploration for each arm based on the
current mean estimation.

(Has to do this carefully to avoid under-exploration)



Exploration adaptive to Empirical Mean

Boltzmann Exploration

In each round, sample a; according to
pe(a) « exp(1 R.(a))

where R, (a) is the empirical mean of arm a using samples up to time t — 1.

A controls the degree of exploration (often adaptive over time)

However, theory has shown that Boltzmann exploration cannot attain VAT regret,
unless with several modifications.

Nicolo Cesa-Bianchi, Claudio Gentile, Gabor Lugosi, Gergely Neu. Boltzmann exploration done right. 2017.



Summary: MAB Based on Mean Estimation

Fort=1,2,..,T,

Design a distribution p,(-) based on the current mean estimation R,(+)

EG
BE

A~ €
pe(@) = (1 - el {a = argmax Re(a)} +
a

pe(a) exp(/ltﬁt(a))

Sample an arm a; ~ p; and receive the corresponding reward r;.

Refine the mean estimation R,.,(-) with the new sample (a;,7;).




Summary: MAB Based on Mean Estimation

(ag,1t)

R:() (")

Mean Estimation > Decision

BE: m:(a) x exp(AR.(a))

EG: m(a)=(1- G)H{a = argmax ﬁt(a’)} +%

Pick action a; ~ p;
Receive r;



Multi-Armed Bandits Algorithms

Based on mean estimation and uncertainty quantification



Useful Idea: “Optimism in the Face of Uncertainty”

Act according to the best plausible world.




Another Idea: “Optimism in the Face of Uncertainty”

Act according to the best plausible world.

At time t, suppose that arm a has been drawn for N,(a) times, with empirical
mean R, (a).

True mean
What can we say about the true mean R(a)? ————
N e BENET
| R(a) — R(a)| < c\[ flt(a) wp.>1-46 gé
What's the most optimistic mean estimation for arm a? PooTesiPo 195 2p0 205 2335 320

Empirical Mean over N samples
< >

) log(1/6)
Ri(a) +c \/ N.(@) 3 /log(l\ll/cY)




Upper Confidence Bound (UCB)

UCB (Parameter: ¢, 9)

In round t, draw Exploration Bonus
= Amount of Uncertginty

log(1/98)
Ni(a)

a, = argmax, R,(a)+c

where R, (a) is the empirical mean of arm a using samples up to time t — 1.
N;(a) is the number of samples of arm a up to time t — 1.




MAB Based on Mean Estimation and Uncertainty Quantification

(ag,1t)

Mea.n Estlmatlon & R\t(.), Ut(.)> Decision Pe() > Choose At ~ Dt
Uncertainty Quantification Receive 7,

U.(a): quantifies our uncertainty of R,(a)

Our choice of U, (a): |R;(a) — R(a)| < C\/ 1?((161/)5) 2 Ui(a)
t



Visualizing UCB

True mean: [0.2, 0.4, 0.6, 0.7] animation code



https://bahh723.github.io/rl2025sp_files/ucb-animation.gif
https://bahh723.github.io/rl2025fa_files/ucb.py

MAB Algorithms We Discussed So Far

(@, 1¢)
Estimation Decision Pick action a,
Receive r;
Estimation Decision Regret Bound
e-Greedy Mean R, argmax R, + uniform Al/3T2/3
Boltzmann Mean R, softmax R, -
UCB Mean R, + Uncertainty U, | argmax (R; + U;) VAT




Linear Bandits



Linear Bandits

Given: armset A = {1, ..., A}
Fortmet=1,2,..,T:
Learner chooses an arm a; € A
Learner observes r, = R(a;) + w;

Same protocol as MAB, but with additional assumptions:

e Each arm a is associated with a known feature vector ¢(a) € R¥.
e There exists a weight vector 8* € R? such that R(a) = ¢(a)"6* for all arm a.



Linear Bandits

e Underlying assumption: actions sharing features will have similar reward.

e The learner only needs to learn the weights for each dimension of the feature,
but not the reward of each individual arm.

Multi-armed Bandits Linear Bandits
Estimation Empirical mean R,(a) | Linear regression R,(a) = ¢(a)7 0,
Decision (e-Greedy) Uniform over arms Optimal design over features

Up(@) ~ llp (@)l

Decision (UCB) U(a) = 1/,/N:(a) where A, = 3. d(a) (@)

Linear e-Greedy: Reg; = (7(d2/3T2/3)
Linear UCB: Regr = 0(dVT)




Part ll. Information-Theoretic Lens of
Decision-Making Problems
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Is Optimism All We Need (1/3)?

Consider the following (somewhat contrived) 3-arm linear bandit example:

Assume the observed reward is ¢(a) "6* + N (0,1)

we have the prior knowledge that the true weight

s $(3) = <0'%> vector is either 6* = (1,—1) or 6* = (1,1)
* ¢(2)=(1¢) ‘.'
* ¢(1)=(1,—e) v Optimal arm
(1,-1) 1
Features of the 3 arms (0 < € < 0.02)
(1,1) 2

Lattimore and Szepesvari. The End of Optimism? An Asymptotic Analysis of Finite-Armed Linear Bandits. 2016.



Is Optimism All We Need (1/3)?

0* = (1,0,) where 8 = —1or1

* ¢(2)=(19)

Optimistic algorithm would only choose arm 1 or 2
= Needtotellapart V(1 —¢,1)and N (1 +¢€,1)
= Need = iz samples
€
1

1
= Regretz = xe=>-
€ €

T

one-step regret before telling apart

v

* o()=(1,-¢)

Taking arm 1 observes V(1 — €6, 1)
Taking arm 2 observes V(1 + €6, 1)
Taking arm 3 observes (% 05, 1)

If we choose arm 3
= Only need to tell apart v (—% 1) and vV G 1)

= Only need 0(1) samples
= Regret < 0(1)




Is Optimism All We Need (1/3)?

Main message: Some clearly sub-optimal action

6* = (1,63) where 65 = —1 or 1 o ) _ _
(1,02) where 5; 7 could help identify the optimal action quicker.

* ¢(2)=(1¢)

v

* ¢(H)=(1,-¢)

Lattimore and Szepesvari. The End of Optimism? An Asymptotic Analysis of Finite-Armed Linear Bandits. 2016.



Is Optimism All We Need (2/3)?

Robot navigation

One of the 97 rooms has treasure, but
the robot doesn’t know where it is.

On the other hand, it is known that one
of Room 98, 99, 100 contains a map,
which contains the information of the
treasure location.

Notice: this problem is more general
than MAB/LB, because the robot could
receive observations other than
rewards (i.e., the content of the map)




Is Optimism All We Need (3/3)?

Wordle

PN C|RJAIN|E

SN s|o]|L|i]|D

G 3 B m “ n n Gray means the word doesn't contain that letter in
1SS any spot.

Green indicates a correct letter in the correct spot.

Yellow indicates that the letter is in the word but in
the wrong spot.



Is Optimism All We Need (3/3)?

Wordle

FlijcfHlT

Candidates: LIGHT, MIGHT, NIGHT, RIGHT, SIGHT

Optimism-based decision guess some plausible answer, like LIGHT

But guess like SNARL could more quickly identify which letter is in the answer



Decision Making with Structured Observation (DMSO)



Decision Making with Structured Observation (DMSO)

Given to learner: decision set II,
observation set O,
model set M,

payoff function f: M X II — [0,1]
Environment chooses M* € M (NOT revealed to Learner)

Fort=1,2,..,T:
Learner takes a decision m; € 1

Learner observes an observation o, ~ M*(m;)

Every model M € M is a mapping II - A(O).

M(m) € A(O) is the distribution over observations
if we play decision = in model M.

Ty = argmax f, (1)
mell

- _
Regret = B | ) (Fu () = fur ()
_t=1 -

For simplicity, we assume | M|, |[TI| < o
throughout the presentation

Foster, Kakade, Qian, Rakhlin. The Statistical Complexity of Interactive Decision Making. 2021.




A model M describes a world, specifying the observation distribution under any
decision .

E.g., A 3-arm bandit may look like the following in the DMSO framework:
[I={arm1l,arm 2,arm3} O =R

—
M; (arm 1) = Bernoulli(0.5) M,(arm 1) = Normal(0.2,1)
M =< | Mi(arm 2) = Normal(0.4, 1) M, (arm 2) = Bernoulli(0.6)
M, (arm 3) = Deterministic(0.3) M, (arm 3) = Unif(]0.3, 0.8])
-
fu,(arm 1) = 0.5 fu,(arm 1) = 0.2
fmu,(arm 2) = 0.4 fu,(arm 2) = 0.6

fm,(@arm 3) = 0.3 fu,(arm 3) = 0.55




DMSO Examples

Problem Decision Observation o Payoff function f;,(m)
Multi-armed bandit Arm a Noisy reward r Ry (a)
Linear bandit Arm a Noisy reward r d(a)"0y
Wordle A word Colors of each position 1[guess is correct]
Things in the room, 100 %

Robot Navigation | Room to enter map info (if there is map) 1,[3treasure in the room]

Contextual bandit | Policy x = a Noisy reward r Ex[Rp(x, m(x))]

Episodic MDP Policy s = a | Trajectory(sy,aq, 1y, 5o, ay, ...) Es, [V (s1)]




The Bayesian Setting



Decision Making with Structured Observation (DMSO)

Given to learner: decision set I,
observation set O,
model set M,
payoff function f: M XII - R
model prior yu; € A(M)

Environment samples M* ~ uy

Fort=1,2,..,T:
Learner takes a decision m; € Il
Learner observes an observation o, ~ M*(m;)

[T
BayesRegret = [E z(fM* (Tp*) — i (7))
t=1

— Including the expectation over M* ~ u,



Algorithm Design: Estimation Part

(7tt, 0t)

Ut

Estimation

Model posterior update:
pey1(M) < ue (M) - M(o¢|my)

Notation:
M(m) € A(O)

M(o|m) € [0,1] is an entry of M ()

Decision

Balancing exploitation
and exploration

How?

Pick decision m;
Receive o;



Goal of Exploration: Reduce Uncertainty

Model uncertainty makes decision-making difficult.

Ml MZ
Arm 1 = Bernoulli (0.5) Arm 1 = Bernoulli (0.5)
Arm 2 = Bernoulli (0.4) Arm 2 = Bernoulli (0.6)

If u; = Uniform {M,, M,}

e The learner will face a difficult situation: Having 2 probability to make a
wrong decision and suffer 0.1 regret

If u; is biased towards either model, the learner will have a clearer
picture which arm is better.



Goal of Exploration: Reduce Uncertainty

Model uncertainty can make decision-making difficult:

M1 MZ
Arm 1 = Bernoulli (0.5) Arm 1 = Bernoulli (0.5)
Arm 2 = Bermotti(64) Arm 2 = Bernoulli (0.6)
Berouttto-9)
-1000

If u; = Uniform {M;, M,}, which arm would you pick?

What if u; = Uniform {M;, M, } but Bernoulli (0.4) is changed to Bernoulli (0.3)?

Arm 2 helps us distinguish models, but gives less reward in expectation...

What if it is further changed to a deterministic -10007?



Quantifying Information Gain 4., = (0,71, .., 11,001

For any decision r, define the information gain
IGt(T[) — H(M* | ht—l) o IEM~ut ]E0~M(7T) [H(M* | ht—l'n' 0)]

= I(M*; O¢ | hy—q, )

= By, [KL (M) || " ()]

cccccccccccc

M () is the mixture model with weights u:

—Uu -
M (o|m) = Z u(M)M(o|m) e

MeM

Remember this notation --- we will use it a lot later.



Algorithm Design: Decision Part

(7tt, 0t)

Ut

Estimation

Model posterior update:/_,,,,-/""/

tep1 (M) o<y (M) M (Otiﬂt)

Decision

P|Ck T[t ~ pt
Receive o;

peA(IT)

E2D.Bayes

py = argmin ]En~pIEM~ut

[ Gn) = fum) = 2- KL (M) || W) )|

J

\

one-step regret

\

J

y
Information gain




Bayesian Regret Analysis

AIRA(.ut) = prerii(rlll) ]En~p]EM~ut [fM(T[M) o fM(n) — A - KL (M(ﬂ) ” Mﬂt(ﬂ))]

DEC, = uénA%;\sf) AIR, (n)
i —U
= max min ErpBuey [fulm) = fu(m —2-KL (M@ | 7))
Theorem

- i
BayesRegret < [ ZAIRA(ut) +AH(u,) < T-DEC;+ Alog|M]|
t=1




> e () = fure (1))
_t:]‘ i

. i
z Epp~p, () — fu ()]

ZEM~ut Um(m) — fu () — A - 1G ()] | + Zfl [G¢ (re)

| t=1

. ]
z mp'n[Emp[Eth Um(m) — fu(m) — - 1G ()] | + Z A (H(.“t) H(“Hl))
_t: - -

T
> AR, ()| + 4 Huy)




Bayesian Regret Analysis

If (M,11,0, f) is a MAB problem: DEC;(M, 11,0, f) < 7

T
+ Alog |[M| = \/AT log| M |

BayesRegret < E

d
If (M,11,0, f) is a LB problem: DEC,(M, 11,0, f) < 7

T
+ Alog [IM| = \/dT log| M |

BayesRegret < T

Russo and Van Roy. An Information-Theoretic Analysis of Thompson Sampling. 2014,
Russo and Van Roy. Learning to Optimize via Information-Directed Sampling. 2014.
Foster, Kakade, Qian, Rakhlin. The Statistical Complexity of Interactive Decision Making. 2021.



Bayesian Regret Analysis

optimal A
BayesRegret < T - DEC; + 4 H(u4) ~ VT PriceOfInfo - Totallnfo
/ \
ﬁ (Price of information) Total amount of information
1 (OneStepRegret)?
DEC; = OneStepRegret — A - IG < i1
AM-GM IG

Russo and Van Roy. An Information-Theoretic Analysis of Thompson Sampling. 2014,
Russo and Van Roy. Learning to Optimize via Information-Directed Sampling. 2014.
Foster, Kakade, Qian, Rakhlin. The Statistical Complexity of Interactive Decision Making. 2021.



The Frequentist Setting



Decision Making with Structured Observation (DMSO)

Given to learner: decision set I,
observation set O,
model set M,
payoff function f: M XII - R

Environment chooses M* € M (NOT revealed to Learner)

Fort=1,2,..,T:
Learner takes a decision m; € 1
Learner observes an observation o, ~ M* (1)

. |
Regret = E| ) (fu- (tw) = fiu- ()
_t=1 J

— For fixed M*



Algorithm Design: Estimation Part

(7tt, 0t)

Ut

Estimation

Model posterior update:
tesr (M) o< (M) - M(o¢|me)

with arbitrary u, (M) (e.g. uniform)

same as in the Bayesian setting!

Decision

Pick decision m;
Receive o;



Guarantee for the Estimation Procedure

Theorem
For a fixed M* and the update rule ;.1 (M) < us(M) - M(o¢|my) with oy ~ M™ (1),

1
py (M*)

KL ( M* () [ M ()| < log

=
Nz

This recovers the guarantee in the Bayesian setting: Further taking IE,,~
right-hand side becomes

iy the

1
U1 (M*)

]EM*~H1 [108 ] = H(pq)




Guarantee for the Estimation Procedure

U1 (M) o< ue (M) - M(0¢|cy) 16 ter1 (M) < (M) exp(—£:(M)) with £.(M) = log

M(O |7e)

In fact, the guarantee can be even more general.
For arbitrary choice of M* and arbitrary 01,02, ..., OT.

1 1
log — 210 " < log "
z M#t(Otln-t) M (Otlﬂt) p (M*)

t=1

For arbitrary choice of M* and o; ~ M*(m;): Eo,~m* ()

T
i 1
E ;KL(M*(nt) e (nt))] < logM1 o =

For M* ~ uy and o; ~ M*(m;): [+

E

T
> KL (M) ||M“t<nt))] < H(w) —
t=1



Guarantee for the Estimation Procedure

1

pera (M) o< pe(M) - M(0¢|me) (G Heva (M) < (M) exp(—€ (M) with £,(M) = log s

Implication:

The estimation procedure (i.e., posterior update) need not rely on distributional
assumptions / have distributional interpretations.

We can more generally view it as

A loss-minimization procedure with a particular loss function
(loss function = reflect how well a model explains the observation)



Algorithm Design: Estimation Part

(7tt, 0t)

Estimation

Ut

Model posterior update:
Hepr (M) < ue (M) - M(o¢|me)

Decision

Guarantee for y;:

T
; ;KL(M*(nt) 14" () | < log |2

Pick decision m;
Receive o;



Algorithm Design: Decision Part

Just do the same as in the Bayesian setting?

pe = argminky,. .

p€EA(II)

Erep () = fu(m) = 2+ KL (M) 1| 7))

\ J \ J

Y Y
one-step regret Information gain

Unfortunately, this doesn’t work well. (See Zhang (2021) for an example)

We will modify the decision rule as

p = argmin

pEA(II)

Erp |for(w) = fu(®) = A< KL (M@ || M)

Zhang. Feel-Good Thompson Sampling for Contextual Bandits and Reinforcement Learning. 2021.



Interpretation of the Decision Rule

. —Ht
pe = argmin max B |fu(mas) = fu () = 2- KL (M) || M (m))
peA(T) MeM
\ . J
Discrepancy between M and M
under decision
M, M,
pggi(‘ﬁ) e Er~p [fa(Tn) = frr ()] Arm 1 = Ber(0.5) Arm 1 = Ber(0.5)
(Impossible to make this small) Arm 2 = Ber(0.4) Arm 2 = Ber(0.6)

preril(rﬁ ) max Ern-p [fmu(@y) — fu(m) — A - Discrepancy, (M, EstimationFromThePast) ]

(Regularized game, anchored at the learner’s model estimation from past data)



Frequentist Decision Rule

(¢, 0¢)
_ He Pick 7, ~
Estimation Decision > TICK T~ Pe
Receive o;
Model posterior update
Hev1 (M) OC#t(M)M (0¢|my)
: —HUt
pe = argmin maxEy,_,, |y () = fiu(m) = 2-KL (M) 1| M)
peA(T]) MEM X . ' |
v %
one-step regret Information gain
E2D (discrepancy from the estimated model)

Foster, Kakade, Qian, Rakhlin. The Statistical Complexity of Interactive Decision Making. 2021.



Frequentist Regret Analysis

AIRy (uz) = Inin max E

wep i) = fu(m) = 2+ KL (M) || W)

Theorem

Regret < E

- _
z ﬁA(Mt)
_t=1 .

+ Alog | M| < T -DEC; + Alog |M]|

A

The same upper bound we
established for the Bayesian setting

Foster, Kakade, Qian, Rakhlin. The Statistical Complexity of Interactive Decision Making. 2021.



s T

- _
Z(fM* (y) — fur (7))
_t=1 A

—Ut

[T
> e () = Fage () = A+ KL (M* (), M ()
[ t=1

—Ut

peEA(IT) MeEM

~
Il
[y

AIR; (i) | + Alog ||

o~
Il
(=Y

T

)

max fyy (ty) — fuuGr) = - KL(MGr), M ()

:+:Z:7L-KL(
)

+ Alog |[M|

M* (), M ()

min max E;_, [fM(nM) — fy(mr) — 1 - KL (M(n),ﬁ“t(n))l + Alog |[M|

>ﬁ




Mt

ARy (i) = min  max Erp Eney |fir(tar) = fur () = A+ KL(M(m), M (m) )]

—Ut

B M?A?J)\(/[)pIEnAi(Illl) Erp Emp [f M) = fu(m) =4 KL (M (), M (n))]

S uer%%f\(f)pre%i(%) Enp Em~p [f () = fu(m) — 4 - KL (M(T[),MM(T[))]

= DEG,



How Fundamental Is This Regret Bound?

We have designed algorithms achieving a regret upper bound of

[T
E| ) (Fue(rus) = fur ()| < T-DEC+2- log |7
_t=1

Is there a matching / nearly-matching lower bound?



How Fundamental Is This Regret Bound?

Qualitatively, DEC, is a necessary price to pay.

| —u
DEC: = By Brop B ) = () =2 KL (40,17 )

Y Y
one-step regret Information gain

Large DEC, means there exists a model distribution u such that for any decision m:

e The expected one-step regret is large A

= the models under u disagree a lot on the optimal decisions

_ _ o ~ Not precise
e The information gain is small

= it’s hard for the learner to reduce the entropy of their posterior

-

Arm 1 = Ber(0.5) Arm 1 = Ber(0.5)

However, log |M'| may not always be necessary.
Arm 2 = Ber(0.4) Arm 2 = Ber(0.6)




Summary

Decision Making with Structured Observations (DMSO)

Given to learner: decision set I1,
observation set 0,
model set M,
payoff function f: M XII - R

Environment chooses M* € M (NOT revealed to Learner)

Fort=1,2,..,T:
Learner takes a decision m; € Il
Learner observes an observation o; ~ M*(1;)

. |
Regret = E| ) (fu- (tw) = fuu- ()
-t=1 -



Summary: Algorithm in the Bayesian Setting

(7tt, 0t)

Ut

Estimation - Decision Pick 7, ~ p;

Receive o;

Model posterior update:/_,,,,-/""/
tes1 (M) o< ue (M) M (Otiﬂt)

- —HU
pe = argmin BBy, |fu(mas) = fyr (D) = A- KL (M) || ¥ ()|
pEA(II) : ) ' /
v Y
E2D.Bayes one-step regret Information gain




Summary: Algorithm in the Frequentist Setting

(7tt, 0t)

Estimation

Ut

Model posterior update
Her1 (M) OC#t(M)M (o¢lme)

Decision

P|Ck T[t ~ pt
Receive o;

E2D

p: = argmin maxlE, .,
peA(T) MeM

[fM(T[M) — fu(m) —4-

\

one-step regret

KL (M(n) | M t(n))]

Information gain

(discrepancy from the estimated model)




Summary: Regret Upper Bound

For both Bayesian and Frequentist settings, we show

Regret = [E

o ]
Z(fM* () — [ ()
_t=1 i

L
47

< T-DEC; + Alog | M|

optimal 1

~y
~y

/ N

(Price of information)  Total amount of information

VT PriceOfInfo - Totallnfo



Remark: A DEC that better characterizes the bound

_ : . 2 it < 2
CDEC: = max min max { Eqp[fu(my) — fu(m ] | D (M), M’ (m)) < €2}

(replacing the “regularization” in DEC; by “constraint”)

It has been shown that the minimax regret is

QO (T . CDEC, , ﬁ) and 0 (T . CDEC, , 7 log |M|)

Foster, Golowich, Han. Tight Guarantees for Interactive Decision Making with the Decision-Estimation Coefficient. 2023.



Part lll. Beyond Model Estimation



Outline

Part I. Reinforcement Learning and the Exploration-Exploitation tradeoff
e Reinforcement learning vs. supervised learning

e Multi-armed bandits

e Linear bandits

Part Il. Information-theoretic algorithm design for the Exploration-Exploitation tradeoff
e Decision-making with structured observation (DMSQO)

e Bayesian setting

e Frequentist setting

Part Ill. Beyond model estimation

e \alue estimation / policy estimation

e Open problems



Not All Information Is Useful

M, M Ms

Arm 1 = Ber(0.5) Arm 1 = Ber(0.5) Arm 1 = Uniform [0,1]
Arm 2 = Ber(0.4) Arm 2 = Ber(0.6) Arm 2 = Ber(0.6)

These models always induce the same expected value

Distinguishing between M, and M5 does reduce the entropy of posterior,
but may not be useful for regret minimization...

(This is a source of gap between existing upper/lower regret bounds for DMSO)



Not All Information Is Useful

M, M Ms

Arm 1 = Ber(0.5) Arm 1 = Ber(0.5) Arm 1 = Ber(0.3)
Arm 2 = Ber(0.4) Arm 2 = Ber(0.6) Arm 2 = Ber(0.6)

These models induce the same optimal decision

Distinguishing between M, and M5 does reduce the entropy of posterior,
but may not be useful for regret minimization...

(This is a source of gap between existing upper/lower regret bounds for DMSO)



Not All Information Is Useful

M, M Ms

Arm 1 = Ber(0.5) Arm 1 = Ber(0.5) Arm 1 = Ber(0.3)
Arm 2 = Ber(0.4) Arm 2 = Ber(0.6) Arm 2 = Ber(0.6)

These two models induce the same optimal decision

Question: can we define some “decision-relevant” information gain?

(Still relatively open, | believe)




Coarser Estimation



Comparison

Estimation Decision
e-Greedy Mean R, argmax R, + uniform
Boltzmann Mean R, softmax R,

UCB Mean R, + Uncertainty U, argmax (R; + U;)
E2D Mixture Model M"* min max {......}




Coarser Estimation
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For example,
<l5f ={M: fy =f} (grouping models with the same payoff function)
¢, ={M: m,; =m} (grouping models with the same optimal policy)

(there are other natural grouping ways in problems with more structure, e.g., MDPs)

Then define @ = {¢;} or ® = {¢;}



Coarser Estimation

Unclear how to do Bayesian update over u; € A(®)

Sol. Hallucinate some model distribution v

whose marginal distribution is close to u;

(¢, 0¢)
_" . ur € A(P) ._ . o
Estimation Decision . Pick c_ieC|S|on T,
Receive o;
Instead of estimating M™, just estj‘m,ate”'éﬁ;
p; = argmin max IE,TNPIEMNV[ ...... — /l(lv(gb*; o; | m) + KL(V(D,‘LLt)) ]

peA(IT) VEAMM)

By [KL (7P | 7))

Xu and Zeevi. Bayesian Design Principles for Frequentist Sequential Learning. 2023.

Liu, Wei, Zimmert. Decision Making in Hybrid Environments: A Model Aggregation Approach. 2025.




Coarser Estimation Allows for Time-Varying Environments

Given to learner: decision set I, T
observation set O,
model set M, bl
payoff function f: M XII - R F R 4{2
Environment chooses ¢* € ® (NOT revealed to Learner) L g |

Fort=1,2,..,T:
Environment chooses M; € ¢* arbitrarily
Learner takes a decision m; € 1
Learner observes an observation o; ~ M, (1)

Of course, this is not for free:

min max [ reg; — A - IGgV[] < min max [ reg, — A - IG?] (data-processing ineq.)
(DEC,) (® — DEC,)



Coarser Estimation Allows for Time-Varying Environments

Regret Upper Bound for the original DMSO:

DEC; < ® — DEC
T-DECy+AlogIM| | 0o >10gle| | T P —DEC

1+ Alog |D]

Estimating M* e M Estimating ¢p* € @



Coarser Estimation Allows for Time-Varying Environments

If the grouping is based on decisions (e.g., arms), the framework handles
completely non-stationary reward.

Given: armset A = {1, ..., A} Adversarial Multi-Armed Bandits

Fortimet=1,2,..,T:
Environment chooses (R;(1), R;(2), ..., R;(A)) arbitrarily.
Learner chooses an arm a; € A
Learner observes r; = R;(a;) + noise

T T
Regret := mc?xz Ri(a) — Z Ri(ar) < O (\/AT log A)
t=1 t=1

Xu and Zeevi. Bayesian Design Principles for Frequentist Sequential Learning. 2023.



Coarser Estimation Allows for Time-Varying Environments

Adversarial MAB is a classic setting, and the most classic algorithm is EXP3.
e Algorithms for this setting does not estimate reward distribution or reward function.
e Instead, they maintain a distributions over decisions (arms).

e Solving the min-max program we just discussed under e.g. Gaussian reward
assumptions reproduces a similar update rule as EXP3.



E2D with Mean Estimation



The Estimation Module Is Flexible

(ag,1t)

A 4 R ‘
t

Estimation Decision _, Pick arm a
Receive r;

pe = argmin may oy | /() = (@) = ((@ = Re(@)) |

peA(A) fERA

= pela) = where y is a normalization factor that makes ), p;(a) =1

y — 4 ﬁt(a)

(Inverse-Gap Weighting)

Foster and Rakhlin. Beyond UCB: Optimal and Efficient Contextual Bandits with Regression Oracles. 2020.



A New (?) MAB Algorithm

Estimation Decision Regret Bound
e-Greedy Mean R, argmax R, (a) + uniform AY/3T2/3
Boltzmann Mean R, o exp(R;(a)) -

1
IGW Mean R = VAT
t Y — Re(a)
UCB Mean R, + Uncertainty U, |argmax (R;(a) + U;(a)) VAT

The power of IGW actually lies in contextual bandits problems.




Open Problems



1. Better Characterization of the Minimax Regret in DMSO

Given to learner: decision set II,
observation set O,
model set M,
payoff function f: M XII - R

Environment chooses M* € M (NOT revealed to Learner)

Fort=1,2,..,T:
Learner takes a decision m; € Il
Learner observes an observation o, ~ M* (1)

algorithm M*

[T
Minimiax regret = min max [E Z(fM*(nM*) — [ (1))
t=1



1. Better Characterization of the Minimax Regret in DMSO

Lower Bound Upper Bounds
T - CDECT—1/2 T - CDECT—1/2 log |]V[|
T - DEC, + Alog | M|
T - ® — DEC,
+ A log | D]

CDEC: constrained DEC (replacing the “regularization” in DEC, by “constraint”)



2. Beyond Minimax Guarantee

-——
-
-~

Better regret bound if M'* is an easy model?
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  ≤ 𝔼  [   ∑  t = 1 T   AIR 𝜆  (  𝜇 t ) ] + 𝜆   H  (  𝜇 1 )


  BayesRegret ≤   A T 𝜆 + 𝜆   log    | ℳ | ≈  A T   log  | ℳ |


  BayesRegret ≤   d T 𝜆 + 𝜆   log    | ℳ | ≈  d T   log  | ℳ |


   DEC 𝜆  ( ℳ ,   Π ,   𝒪 ,   f ) ≤  A 𝜆


   ( ℳ ,   Π ,   𝒪 ,   f )


   DEC 𝜆  ( ℳ ,   Π ,   𝒪 ,   f ) ≤  d 𝜆


   ( ℳ ,   Π ,   𝒪 ,   f )


  BayesRegret ≤ T ⋅  DEC 𝜆 + 𝜆   H (  𝜇 1 )


   1  4 𝜆


   DEC 𝜆 = OneStepRegret   − 𝜆 ⋅ IG


  ≤                      1  4 𝜆      ( OneStepRegret ) 2 IG


   T   PriceOfInfo   ⋅   TotalInfo


  𝜆


  ≈


  Π


  𝒪


  ℳ


  f :   ℳ × Π →   ℝ


  t = 1 ,   2 ,   … ,   T


   𝜋 t ∈ Π


   o t ∼  M ⋆ (  𝜋 t )


   M ⋆ ∈ ℳ


  Regret = 𝔼  [   ∑  t = 1 T   (  f   M ⋆  (  𝜋   M ⋆ ) −  f   M ⋆ (  𝜋 t ) ) ]


   M ⋆


   𝜋 t


   o t


  (  𝜋 t ,    o t )


   𝜇  t + 1  ( M ) ∝  𝜇 t  ( M ) ⋅ M (  o t |  𝜋 t )


   𝜇 t


   𝜇 1  ( M )


  𝔼  [   ∑  t = 1 T  KL  (     M ⋆  (  𝜋 t )   ‖      M ¯   𝜇 t (  𝜋 t ) ) ]     ≤     log  1   𝜇 1  (  M ⋆ )


   M ⋆


   𝜇  t + 1  ( M ) ∝  𝜇 t  ( M ) ⋅ M (  o t |  𝜋 t )


   o t ∼  M ⋆ (  𝜋 t )


   𝔼   M ⋆ ∼  𝜇 1


   𝔼   M ⋆ ∼  𝜇 1  [ log  1   𝜇 1  (  M ⋆ ) ] = H (  𝜇 1 )


   𝜇  t + 1  ( M ) ∝  𝜇 t  ( M ) ⋅ M (  o t |  𝜋 t )


    ∑  t = 1 T  log    1     M ¯   𝜇 t (  o t |  𝜋 t )   −   ∑  t = 1 T  log    1   M ⋆  (   o t |   𝜋 t )   ≤   log  1   𝜇 1 (  M ⋆ )


   M ⋆


   o 1 ,    o 2 ,   … ,    o T


   𝜇  t + 1  ( M ) ∝  𝜇 t  ( M )   exp  ( −  ℓ t ( M ) )


   ℓ t  ( M ) = log    1  M (  o t |  𝜋 t )


   M ⋆


   o t ∼  M ⋆ (  𝜋 t )


  𝔼  [   ∑  t = 1 T  KL  (     M ⋆  (  𝜋 t )   ‖      M ¯   𝜇 t (  𝜋 t ) ) ]     ≤     log  1   𝜇 1  (  M ⋆ )


   M ⋆ ∼  𝜇 1


   o t ∼  M ⋆ (  𝜋 t )


  𝔼  [   ∑  t = 1 T  KL  (     M ⋆  (  𝜋 t )   ‖      M ¯   𝜇 t (  𝜋 t ) ) ]     ≤     H (  𝜇 1 )


   𝔼   o t ∼  M ⋆ (  𝜋 t )


   𝔼   M ⋆ ∼  𝜇 1


   𝜇  t + 1  ( M ) ∝  𝜇 t  ( M ) ⋅ M (  o t |  𝜋 t )


   𝜇  t + 1  ( M ) ∝  𝜇 t  ( M )   exp  ( −  ℓ t ( M ) )


   ℓ t  ( M ) = log    1  M (  o t |  𝜋 t )


   𝜋 t


   o t


  (  𝜋 t ,    o t )


   𝜇  t + 1  ( M ) ∝  𝜇 t  ( M ) ⋅ M (  o t |  𝜋 t )


   𝜇 t


  𝔼  [   ∑  t = 1 T  KL  (     M ⋆  (  𝜋 t )   ‖      M ¯   𝜇 t (  𝜋 t ) ) ] ≤ log    | ℳ |


   𝜇 t


   p t =  argmin  p ∈ Δ ( Π )  𝔼  M ∼  𝜇 t  𝔼  𝜋 ∼ p    [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) − 𝜆 ⋅ KL    (  M  ( 𝜋 )     ‖          M ¯   𝜇 t  ( 𝜋 ) ) ]


   p t =  argmin  p ∈ Δ ( Π )    max  M ∈ ℳ    𝔼  𝜋 ∼ p    [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) − 𝜆 ⋅ KL    (  M  ( 𝜋 )     ‖          M ¯   𝜇 t  ( 𝜋 ) ) ]


   p t =  argmin  p ∈ Δ ( Π )    max  M ∈ ℳ    𝔼  𝜋 ∼ p    [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) − 𝜆 ⋅ KL    (  M  ( 𝜋 )     ‖          M ¯   𝜇 t  ( 𝜋 ) ) ]


  M


     M ¯   𝜇 t


  𝜋


   min  p ∈ Δ ( Π )    max  M ∈ ℳ    𝔼  𝜋 ∼ p    [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) ]


   M 1


   M 2


   min  p ∈ Δ ( Π )    max  M ∈ ℳ    𝔼  𝜋 ∼ p    [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) − 𝜆 ⋅  Discrepancy 𝜋  ( M ,   EstimationFromThePast ) ]


   p t =  argmin  p ∈ Δ ( Π )    max  M ∈ ℳ  𝔼  𝜋 ∼ p    [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) − 𝜆 ⋅ KL    (  M  ( 𝜋 )     ‖          M ¯   𝜇 t  ( 𝜋 ) ) ]


   𝜋 t ∼  p t


   o t


  (  𝜋 t ,    o t )


   𝜇  t + 1  ( M ) ∝  𝜇 t  ( M ) ⋅ M (  o t |  𝜋 t )


   𝜇 t


     AIR ¯ 𝜆  (  𝜇 t ) ≔  min  p ∈ Δ  ( Π )  max  M ∈ ℳ    𝔼  𝜋 ∼ p    [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) − 𝜆 ⋅ KL    (  M  ( 𝜋 )     ‖          M ¯   𝜇 t  ( 𝜋 ) ) ]


  Regret       ≤     𝔼  [   ∑  t = 1 T     AIR ¯ 𝜆  (  𝜇 t ) ] + 𝜆   log    | ℳ | ≤       T ⋅  DEC 𝜆 + 𝜆   log    | ℳ |


  𝔼  [   ∑  t = 1 T   (  f   M ⋆  (  𝜋   M ⋆ ) −  f   M ⋆ (  𝜋 t ) ) ]


  = 𝔼  [   ∑  t = 1 T   f   M ⋆  (  𝜋   M ⋆ ) −  f   M ⋆  (  𝜋 t ) − 𝜆 ⋅ KL  (  M ⋆  (  𝜋 t ) ,      M ¯   𝜇 t (  𝜋 t ) ) ] +  [   ∑  t = 1 T  𝜆 ⋅ KL  (  M ⋆  (  𝜋 t ) ,      M ¯   𝜇 t (  𝜋 t ) ) ]


  ≤ 𝔼  [   ∑  t = 1 T   max  M ∈ ℳ    f M  (  𝜋 M ) −  f M  (  𝜋 t ) − 𝜆 ⋅ KL  ( M  (  𝜋 t ) ,      M ¯   𝜇 t (  𝜋 t ) ) ] + 𝜆   log    | ℳ |


  = 𝔼  [   ∑  t = 1 T   min  p ∈ Δ ( Π )    max  M ∈ ℳ     𝔼  𝜋 ∼ p    [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) − 𝜆 ⋅ KL  ( M  ( 𝜋 ) ,      M ¯   𝜇 t ( 𝜋 ) ) ] ] + 𝜆   log    | ℳ |


  = 𝔼  [   ∑  t = 1 T     AIR ¯ 𝜆 (  𝜇 t ) ] + 𝜆   log    | ℳ |


  =  max  𝜇 ∈ Δ  ( ℳ )  min  p ∈ Δ ( Π )       𝔼  𝜋 ∼ p     𝔼  M ∼ 𝜇  [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) − 𝜆 ⋅ KL  ( M  ( 𝜋 ) ,      M ¯   𝜇 t ( 𝜋 ) ) ]


  ≤  max  𝜇 ∈ Δ  ( ℳ )  min  p ∈ Δ ( Π )       𝔼  𝜋 ∼ p     𝔼  M ∼ 𝜇  [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) − 𝜆 ⋅ KL  ( M  ( 𝜋 ) ,      M ¯ 𝜇 ( 𝜋 ) ) ]


  =  DEC 𝜆


     AIR ¯ 𝜆 (  𝜇 t ) =  min  p ∈ Δ ( Π )    max  𝜇 ∈ Δ  ( ℳ )     𝔼  𝜋 ∼ p     𝔼  M ∼ 𝜇  [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) − 𝜆 ⋅ KL  ( M  ( 𝜋 ) ,      M ¯   𝜇 t ( 𝜋 ) ) ]


  𝔼  [   ∑  t = 1 T   (  f   M ⋆  (  𝜋   M ⋆ ) −  f   M ⋆ (  𝜋 t ) ) ]     ≤       T ⋅  DEC 𝜆 + 𝜆 ⋅   log    | ℳ |


   DEC 𝜆


   DEC 𝜆 =  max  𝜇 ∈ Δ  ( ℳ )  min  p ∈ Δ ( Π )       𝔼  𝜋 ∼ p     𝔼  M ∼ 𝜇  [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) − 𝜆 ⋅ KL  ( M  ( 𝜋 ) ,      M ¯ 𝜇 ( 𝜋 ) ) ]


   DEC 𝜆


  𝜇


  𝝅


  ⇒


  𝜇


  ⇒


  log    | ℳ |


  Π


  𝒪


  ℳ


  f :   ℳ × Π →   ℝ


  t = 1 ,   2 ,   … ,   T


   𝜋 t ∈ Π


   o t ∼  M ⋆ (  𝜋 t )


   M ⋆ ∈ ℳ


  Regret = 𝔼  [   ∑  t = 1 T   (  f   M ⋆  (  𝜋   M ⋆ ) −  f   M ⋆ (  𝜋 t ) ) ]


   p t =  argmin  p ∈ Δ ( Π )    𝔼  𝜋 ∼ p  𝔼  M ∼  𝜇 t    [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) − 𝜆 ⋅ KL    (  M  ( 𝜋 )     ‖          M ¯   𝜇 t  ( 𝜋 ) ) ]


   𝜋 t ∼  p t


   o t


  (  𝜋 t ,    o t )


   𝜇  t + 1  ( M ) ∝  𝜇 t  ( M ) ⋅ M (  o t |  𝜋 t )


   𝜇 t


   p t =  argmin  p ∈ Δ ( Π )    max  M ∈ ℳ  𝔼  𝜋 ∼ p    [  f M  (  𝜋 M ) −  f M  ( 𝜋 ) − 𝜆 ⋅ KL    (  M  ( 𝜋 )     ‖          M ¯   𝜇 t  ( 𝜋 ) ) ]


   𝜋 t ∼  p t


   o t


  (  𝜋 t ,    o t )


   𝜇  t + 1  ( M ) ∝  𝜇 t  ( M ) ⋅ M (  o t |  𝜋 t )


   𝜇 t


  Regret = 𝔼  [   ∑  t = 1 T   (  f   M ⋆  (  𝜋   M ⋆ ) −  f   M ⋆ (  𝜋 t ) ) ]     ≤     T ⋅  DEC 𝜆 + 𝜆   log    | ℳ |


   1  4 𝜆


   T   PriceOfInfo   ⋅   TotalInfo


  𝜆


  ≈


   CDEC 𝜖 =  max  𝜇 ∈ Δ  ( ℳ )    min  p ∈ Δ ( Π )  max M    {          𝔼  𝜋 ∼ p  [  f M  (  𝜋 M ) −  f M  ( 𝜋 )   ]     |    D H 2  ( M  ( 𝜋 ) ,      M ¯ 𝜇 ( 𝜋 ) ) ≤  𝜖 2 }


  Ω  ( T ⋅  CDEC  1 /  T )


  O  ( T ⋅  CDEC  1 /  T     log    | ℳ | )


   DEC 𝜆  


   M 1


   M 2


   M 3


   M 2


   M 3


   M 1


   M 2


   M 3


   M 2


   M 3


   M 1


   M 2


   M 3


  𝜖


     R ^ t


  argmax      R ^ t


     R ^ t


  softmax      R ^ t


     R ^ t


   U t


  argmax    (    R ^ t +  U t )


     M ¯   𝜇 t


   𝜙 f =  { M :      f M = f }


   𝜙 𝜋 =  { M :      𝜋 M = 𝜋 }


  Φ =  {  𝜙 f }


  Φ =  {  𝜙 𝜋 }


   𝜋 t


   o t


  (  𝜋 t ,    o t )


   𝜇 t ∈ Δ ( Φ )


   M ⋆


   𝜙 ⋆


   p t =  argmin  p ∈ Δ ( Π )    max  𝜈 ∈ Δ ( ℳ )  𝔼  𝜋 ∼ p  𝔼  M ∼ 𝜈  [ … …   − 𝜆  (  I 𝜈  (  𝜙 ⋆ ;  o t   |   𝜋 ) + KL  (  𝜈 Φ ,    𝜇 t ) )   ]


   𝔼  𝜙 ∼  𝜈 Φ  [ KL    (     M ¯  𝜈 ( ⋅ | 𝜙 )  ( 𝜋 )     ‖          M ¯ 𝜈  ( 𝜋 ) ) ]


  =


  𝜈


   𝜇 t


   𝜇 t ∈ Δ  ( Φ )


  Π


  𝒪


  ℳ


  f :   ℳ × Π →   ℝ


  t = 1 ,   2 ,   … ,   T


   M t ∈  𝜙 ⋆  


   𝜋 t ∈ Π


   o t ∼  M t (  𝜋 t )


   𝜙 ⋆ ∈ Φ


  min   max    [    reg t − 𝜆 ⋅  IG t ℳ ] ≤ min   max    [    reg t − 𝜆 ⋅  IG t Φ ]


   DEC 𝜆


  Φ −  DEC 𝜆


   DEC 𝜆


   M ⋆ ∈ ℳ


   𝜙 ⋆ ∈ Φ


  T ⋅  DEC 𝜆 + 𝜆   log    | ℳ |


  T ⋅   Φ − DEC 𝜆 + 𝜆   log    | Φ |


   DEC 𝜆 ≤   Φ − DEC 𝜆


  log    | ℳ | ≥ log    | Φ |


  𝒜 = { 1 ,   … ,   A }


  t = 1 ,   2 ,   … ,   T


   (  R t  ( 1 ) ,    R t  ( 2 ) ,   … ,    R t ( A ) )


   a t ∈ 𝒜


   r t =  R t  (  a t ) + noise


  ≔


  ≤     O  (  A T   log   A )


   max a   ∑  t = 1 T   R t ( a ) −   ∑  t = 1 T   R t (  a t )


   a t


   r t


  (  a t ,    r t )


     R ^ t


   p t =  argmin  p ∈ Δ ( 𝒜 )    max  f ∈  ℝ A    𝔼  a ∼ p  [   f  (  a f ) − f ( a )   − 𝜆    ( f  ( a ) −    R ^ t  ( a ) ) 2   ]


   p t  ( a ) =  1  𝛾   − 𝜆      R ^ t ( a )


  𝛾


    ∑ a    p t ( a ) = 1


  ⇒


  𝜖


     R ^ t


  argmax      R ^ t ( a )


   A  1 / 3  T  2 / 3


     R ^ t


  ∝ exp  (    R ^ t ( a ) )


     R ^ t


   1  𝛾 −    R ^ t ( a )


   A T


     R ^ t


   U t


  argmax    (    R ^ t ( a ) +  U t ( a ) )


   A T


  Π


  𝒪


  ℳ


  f :   ℳ × Π →   ℝ


  t = 1 ,   2 ,   … ,   T


   𝜋 t ∈ Π


   o t ∼  M ⋆ (  𝜋 t )


   M ⋆ ∈ ℳ


  Minimiax   regret =  min algorithm  max   M ⋆     𝔼  [   ∑  t = 1 T   (  f   M ⋆  (  𝜋   M ⋆ ) −  f   M ⋆ (  𝜋 t ) ) ]


  T ⋅  CDEC   T  − 1 / 2      


  T ⋅  CDEC   T  − 1 / 2     log    | ℳ |    


  T ⋅   Φ − DEC 𝜆 + 𝜆   log    | Φ |    


  CDEC :    


   DEC 𝜆


  T ⋅  DEC 𝜆 + 𝜆   log    | ℳ |    


   ℳ ⋆

