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General-Sum Games



Normal-Form Game
M, (A7) sy () seppn

e Playerl,2,..,.M
e Player j choose action a; € A;

e Player j's payoff/utility is u;(a,, ..., ay) = u;(a;,a_;)

a_; = (ay,az, ..., Aj_1, Qj11, -, Apy)

Two-player zero-sum game is a special case when M = 2 and u; = —u,



Example: Prisoner’s Dilemma

o fumm Phor L _Aeply
Cooperate Defect High Low
/| Cooperate 1,1 -10,0 High 55 0,6
Pkl | Defect 0,-10 6,-6 Low 6,0 3,3
Prisoner’s Dilemma Pricing game
C D
General form: C '>\<,x Z,W W>X>y>7Z
¥ N
D W,Z YA




Example: Chicken Game

Chicken Dare Compromise | Stand firm
Chicken 6,6 2,7 Compromise 0,0 -55
Dare 7,2 0,0 Stand firm 5,-5 -10,-10
Chicken game Military confrontation / negotiation
C D
General form: C X,X Z,W W>X>z>y
D | wz | yy




Example: Stag Hunt

Stag (C) Hare (D) Wait Withdraw
Stag (C) 6,6 2,7 Wait 5,5 0,4
Hare (D) 7,2 4.4 Withdraw 4,0 2,2
Stag Hunt Bank runs
C D
General form: C X, X ZW X>W>y>z
2 »
D w,Z A




Equilibrium

e An equilibrium is a steady state where no player wants to unilaterally deviate

e

e Different strategy spaces and allowed deviations give different equilibrium concepts

e Traditional game theory studies equilibria. Studying equilibria is meaningful
because it allows a player to

e Predict other players’ moves
e Reason about their own move

It also allows the game designer (e.g. government) to

e Design the rules of the game so that the equilibrium outcome is desirable (mechanism
design)



Nash Equilibrium (NE)
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Incomplete-information game and Bayesian NE
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NE Example: Braess’s paradox

1 unit of traffic goes from s to t, and every driver takes a fastest route.
Edge labels are travel times, where x = fraction of drivers using that edge.

Before After: add a road v — w with travel time 0



NE Example: Second-Price Auction bi=t; (wE)

Rules Why bid truthfully?
« Each bidder i privately knows their value v; Fix bidder i (value v, bid b) and let B = max b; be
J#1
« Bidders submit sealed bids b; simultaneously the highest competing bid.
« The highest bid wins
« The winner pays the second-highest bid Truthful Overbid Underbid
b=v b>v b<v
vy —maxb; if b; > max b;
u;(by, b_;) = J7 S Win: S May lose:
0 otherwise B<v ~Win: ame as ay lose:
utility v - B truthful utility O

Example (everyone bids truthfully)

_ B>v Lose: May win: Same as
Bidder 1 — 10 utility 0 utility v =B <0 truthful

Bidder 2 7
In every case, b = v is at least as good, so truthful

Bidder 3 4 bidding is a dominant strategy

pricé =7



Does NE Really Reflect the Players’ Behaviors

e Human do not always act according to NE strategy. For example, in the second
price auction, it is found that people tends to overbid

e Algorithmically, independent utility maximization algorithms do not always lead
to NE

e Computing NE in a general-sum game is PPAD-hard ﬁf "”’AD\Q@
%)) time find an NE

e Existing algorithms requires (M 2. Aj)o(

Kagel, Harstad & Levin (1987), “Information Impact and Allocation Rules in Auctions with Affiliated Private Values: A Laboratory Study



Gradient Descent/Ascent in Two-Player Zero-Sum Games

Example. Gradient descent /ascent in two-player zero-sum games leads to
divergence from the NE. Iy _

Xey1 = X + Vi f (X, Vi)
YVt+1 = Ve — vaf(xt»Yt)

Pl N - ——
et D NN NN
"y e NN 0e
ravd - » %
-— NN y
APV < N \\ X 08
rz: e LT T T T T U SR
’ ': jf y v o e - - = AN U T T 07
i/ ‘. Y L]
08P Yy u s e NRENRINR R y1
| | | l / T L R N ! K ' [
""" I totott
DSI’ Pobob e e . o " C 4 0.5 'N
L T T ) ] E
k VoA v ) ’ / ;
P D I I I
N RN Sy v )
NENENRN .- s/
N\ o - - /7
NN - - s s
A N -~ N D 0.1
. \\ . e \‘ - . - o
0 LW ;\ e i P 0 . P T T Y ST L . L
0 0.1 02 03 04 05 06 07 08 089 1 0 0.1 02 03 04 05 06 07 08 09 1

T I



Independent Q-Learning in Pricing Game

ﬁo // ,.:;p]

RMonopoly:  nrofit in full cooperation  —

R — RNE

A= RMonopoly _ pNE

RNE: profit in full competition
(i.e., equilibrium profit in one-shot game)
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Calvano et al. Artificial Intelligence, Algorithmic Pricing, and Collusion. 2020.



Learning in Games

General questions: ((a o Qe o

e \What does the empirical distribution of joint play converge to, or approach,
when players interact using specific learning algorithms?

e \What can a player using a specific algorithm guarantee about their average
utility?

For example,
e If every player uses Q-learning
e If every player uses no-(swap)-regret algorithm (W/o)

e If one player uses no-(swap)-regret algorithm and the other player knows it and
optimizes over it



Correlated Equilibrium

and its connection to no-swap-regret dynamics



Correlated Equilibrium
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Correlated Equilibrium Example: Traffic Light

Two drivers meet at an intersection (a Chicken game). A traffic light picks one of the
three cells marked 1/3 at random, and shows each driver only their own light.

Stop Go
6, 6 2,7

Stop prob. 1/3 prob. 1/3
7,2 0,0

Go prob. 1/3 prob. 0

Zf //ng /Il

1Y we cre recrwneslsd ! 51’\»/3”: 7 ,/
. lnan s srovesttd SAT )7 = h
) Fr(%emkaﬂs‘*‘ ”f> VAV
P/( G ): ‘/2_

= g[u,/fﬁa 42)/22) = %3, = ¢ . (8R)
@[M,(ﬁo,"z)/s’/'fj z 749 =35 ;}

2

e —




No-Swap-Regret Learning converges to Correlated Equilibria

Let M players repeated play a normal-form game with each other using (no;
swap-regret algorithms. 2 U394, G4y 7
(a3 la;) = =

Let the action profile be (a; 4, ..., a; ) in round t.
Then thel
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Nash Equilibria € Correlated Equilibria //@;@\
cE

~AE
o € A(A{X ---xc/lMﬂs a Correlated Equilibrium iff
eff.

Vj Vaja; €A; with a; € support(o)

Ea_j~o(laj [wi(aj,a-;)] = Eq_ j~o(laj) [uj(af» )
P A

/ G(al,az, “ Qm ): P{(“l) /)2[41.) PM{qM)

l

1, P2+, Py) € A(A X -+ xA(Ay Pis a Nash Equilibrium iff
W .
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Vj Vpj€A(A) ui(pj,p-;) = (), p-)




Coarse Correlated Equilibrium

and its connection to no-regret dynamics



Coarse Correlated Equilibrium (CCE)

CE: Eq_i~o(|a) :uj(aj’ a—j): = Ea_i~o(|aj) [uj(af» a—j)]
CCE: EEf;f;uj(aj,a_,-): = M[uj(a}, a_j)]

Chack - Fer every F/a#e/r_ follows e rtcssmendstin (S [y wotse flan  ChooSi~4y o F /el ockicm



Coarse Correlated Equilibrium Example

Rock Paper Scissor

Rock 0,0 '1, 1 1, '1
prob. O prob. 1/6 prob. 1/6

paper | 1- -1 0,0 -1, 1
prob. 1/6 prob. 0 prob. 1/6

Scissor -1, 1 1,-1 0,0
prob. 1/6 prob. 1/6 prob. 0




No-Regret Learning converges to CCE
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   [ M ] ,      (  𝒜 j )  j ∈ [ M ] ,      (  u j )  j ∈ [ M ]


  1 ,   2 ,   … ,   M


  j


   a j ∈  𝒜 j


  j


   u j  (  a 1 ,   … ,    a M ) =  u j (  a j ,    a  − j )


   a  − j ≔ (  a 1 ,  a 2 , … ,  a  j − 1 ,    a  j + 1 ,   … ,  a M )


  M = 2


   u 1 = −  u 2


  i


   v i


   b i


  i


  v


  b


  B =  max  j ≠ i    b j


   u i  (  b i ,  b  − i ) =


   v i −  max  j ≠ i    b j


   b i >  max  j ≠ i    b j


  0


     ( M   ∑ j   A j )  O  (   ∑ j   A j )


   x  t + 1 =  x t + 𝜂  ∇ x f (  x t ,  y t )


   y  t + 1 =  y t − 𝜂  ∇ y f (  x t ,  y t )


  Δ =    R - −  R NE   R Monopoly −  R NE


   R Monopoly


   R NE


  M


  (  a  t , 1 ,   … ,    a  t , M )


  t


  ⊆


   𝔼   a  − j ∼ 𝜎 ( ⋅ |  a j )  [  u j  (  a j ,  a  − j ) ] ≥  𝔼   a  − j ∼ 𝜎 ( ⋅ |  a j )  [  u j  (  a j ′ ,  a  − j ) ]


  ∀ j         ∀    a j ,    a j ′ ∈  𝒜 j


   a j ∈ support ( 𝜎 )


  𝜎 ∈ Δ  (  𝒜 1 × ⋯ ×  𝒜 M )


   u j  (  p j ,  p  − j ) ≥  u j (  p j ′ ,    p  − j )


  ∀ j         ∀    p j ′ ∈ Δ  (  𝒜 j )


   (  p 1 ,    p 2 , ⋯ ,  p M ) ∈ Δ  (  𝒜 1 ) × ⋯ × Δ  (  𝒜 M )


   𝔼   a  − j ∼ 𝜎 ( ⋅ |  a j )  [  u j  (  a j ,  a  − j ) ] ≥  𝔼   a  − j ∼ 𝜎 ( ⋅ |  a j )  [  u j  (  a j ′ ,  a  − j ) ]


   𝔼  a ∼ 𝜎  [  u j  (  a j ,  a  − j ) ] ≥  𝔼   a  − j ∼ 𝜎  [  u j  (  a j ′ ,  a  − j ) ]

