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Canonical Form of LP
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Primal and Dual Problems
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Primal and Dual Problems



Examples of Primal/Dual Pairs
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Examples of Primal/Dual Pairs
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Examples of Primal/Dual Pairs



Weak / Strong Duality Theorem

Theorem.  (Weak Duality Theorem)  

Primal value ≥ Dual value

Theorem.  (Strong Duality Theorem)  

Primal value = Dual value

If either primal or dual problem is feasible, then



Weak / Strong Duality Theorem

Primal (min) Dual (max) Optimal Value

Feasible Feasible 𝑝⋆ = 𝑑⋆ ∈ (−∞, ∞)

Feasible Infeasible 𝑝⋆ = 𝑑⋆ = −∞

Infeasible Feasible 𝑝⋆ = 𝑑⋆ = ∞

Infeasible Infeasible 𝑝⋆ = ∞, 𝑑⋆ = −∞



Proof (Idea) of Weak / Strong Duality Theorems
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Proof (Idea) of Weak / Strong Duality Theorems



Solving LP with No-Regret Algorithms
Arora, Hazan, Kale.  The Multiplicative Weights Update Method: A Meta-Algorithm and Applications. 2012. 

(Problem 2, Homework 2)



Linear Programming

𝑥 ∈ 𝒦

s. t. 𝐴𝑥 ≥ 𝑏

min
𝑥

 𝑐⊤𝑥

= min
𝑥∈𝒦

 max
𝑦≥0

 𝑐⊤𝑥 + 𝑦⊤(𝑏 − 𝐴𝑥)

Assumption:  solving  min
𝑥∈𝒦

 𝑔⊤𝑥  is easy

If there is no obvious easy constraints 𝒦, we can 

always choose 𝒦 = −𝐵, 𝐵 𝑑



Linear Programming

𝐴𝑥 ≥ 𝑏

Find 𝑥 ∈ 𝒦 such that

𝑐⊤𝑥 ≤ 𝑼

argmin
𝑥∈𝒦

 max
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 𝑦⊤(෨𝑏 − ሚ𝐴𝑥)
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𝑦∈Δ𝑁
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or certify no such 𝑥 exists

ሚ𝐴𝑥 ≥ ෨𝑏

Find 𝑥 ∈ 𝒦 such that

or certify no such 𝑥 exists



Using No-regret algorithm to solve LP

For 𝑡 = 1, … , 𝑇: 

Initialize a no-regret algorithm ALG over Δ𝑁 

Let ALG output 𝑦𝑡 ∈ Δ𝑁

Find 𝑥𝑡 = argmin
𝑥∈𝒦

 𝑦𝑡
⊤(෨𝑏 − ෨𝐴𝑥)

Define reward 𝑟𝑡 = ෨𝑏 − ሚ𝐴𝑥𝑡.  

Feed reward vector 𝑟𝑡 to ALG.  

min
𝑥∈𝒦

 max
𝑦∈Δ𝑁

 𝑦⊤ ෨𝑏 − ሚ𝐴𝑥 ≤ max
𝑦∈Δ𝑁

 𝑦⊤ ෨𝑏 − ሚ𝐴𝑥 ≤ min
𝑥∈𝒦

 max
𝑦∈Δ𝑁

 𝑦⊤ ෨𝑏 − ሚ𝐴𝑥 +
log 𝑁

𝑇
 

Need another outer loop of binary search over 𝑼 



Methods for Solving Linear Programming

Method Time Property

Interior point Poly(m, n, log (1/𝜖)) General, high accuracy 

Simplex Exponential in n in the worst case Often fast, exact solution

Ellipsoid Poly(m, n, log (1/𝜖)) Mainly theoretical

No-regret
Poly(m’, n, 𝟏/𝝐, time of best-

response oracle) 
Cheap best-response oracle

Looser accuracy requirement

m:  # constraints

n:  # variables

m’:  # difficult constraints 
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