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Learning from Experts (The Experts Problem)

Suppose there are N experts (actions)
Fort=1,2,..,T:
Learner generates a distribution p; € Ay
Adversary decides the loss of every expert £, = (£,(1), ..., #;(N)) € RN

Adversary reveals #; to the learner

Learner suffers loss (p;, ;) = E [ﬁ,{;(t}}
/‘/U-Fé_
A special case of Online Convex Optimization with

X =Ay and fi(p) = (p, f+)

T T
Regret = ) (p,, ,) - m[an]Z 2,(0)
t=1 t=1




Follow the Leader (FTL)

Suppose there are N experts (actions)
Fort=1,2,..,T:
Learner generates a distribution p; € Ay
Adversary decides the loss of every expert £, = (£,(1), ..., #;(N)) € RN
Adversary reveals #; to the learner
Learner suffers loss (p;, £;)

t
Define L:(i) := z 2. (1)
s=1

“Follow the leader” strategy: iy =argmin L, ;({) andletp, =e;,
i€[N]




Follow the Leader (FTL)




Softmin

Replacing “min” by “softmin”;

N we (1)
Pe(l) = 9’=1Wt(j)

where w,(i) = e7 10 (Exponential weights)

“‘Follow-the-leader” (hardmin) is a special case whenn = o




Regret Guarantee for Exponential Weights

Theorem 1.
Assume that n¢.(i) = —1 for all t,i. Then Exponential Weight ensures

T N

log N

Regret < 2 + 7 z Z p (D)€ (0)?
L t=1i=1

Asswme 05 Q ()< |

Ryt < %‘Q* (T = 2]TtaN <o(T)

Freund and Schapire. A Decision-Theoretic Generalization of On-Line Learning and an Application to Boosting, 1997.
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Proof of Theorem 1

_t
Keall  Le(i)= S As()

N
ahol N - we (1) _ her Y= exp [= 9L (7) = 2 W(j)
Pe(i)= — \/\/15 white ) ‘E_(&? ol ) W, VI

—’_\v—%

Z_ Q-XF( 7 (i ))

[/V\ Vl/-su _ £14 /I w Q/ﬁ
Wt (i
\ ( (—7L¢ axP M(\) (Zf() Lea (D)t Le() )

N 6

;’ W, (7) UP( 70:(: ) _ < 7: exf( z&(,))>

w

t

-




.

n

/éﬂd: —’Pf"e “1&))

Fer Frea/ number 2<|
e (Z ) (1= 240 ”Z("f)) exp(2) < [+2+2°

=1 —

—

n i _,_\/ f . |
< O ( S RC) = 7 ZRGAG) +77;:2)/5=(;)4(§ 2> = 1hG)

= b (] = 2P0 +7‘§’m«f) VM) T

NS




Wr&! < _ - 2"">'V{_
(/W: ) 7Z<g¢/> 7{%§f()&/)

| = a:jm,'q éT (n)
ﬂm// W; = ""‘?( e |

{ W, = > @‘F(o) n Lo{il=0
\ \4-1 = TZ“L ~1(( )) 2 eXF(\}ZéT(i#))

E QAAWT”‘—' b Wo, ~ 2, > ~ 1Ly (i) = 2N

D - AN )T Uk~ F SIS
Ty
= 3 $0l> — (4 () \_*”:*\“.’4‘753,9(_)%)\-

VW Z o (= TN



— y=ex

7] ey =14 X+ X2

220 -15 ~1.0 —0.5 0.0 0.5 1.0 1.5

2.0



Why softmin works, while min does not?

(Discussion)



The Failure of Follow-The-Leader

FTL: i; =argminL;_;(i)
i€[N]
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The Failure of Follow-The-Leader

2.(1) 0.5 0 1 0 1 0

2,(2) 0 1 0 1 0 1

EW: p:(i) x e M1
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Why Stability Helps?

(Discussion)



Be-The-Leader Lemma

Theorem 2. Follow the leader (FTL) strategy

t—1
X; = argmin Z fs(x)
s=1

XEX

ensures

T
Regret < ) (£:(x) = fu(xer1))
t=1

(This lemma doesn’t need convexity of f; or X)




Proof of Theorem 2



Follow The Regularized Leader
(Generalizing the Exponential Weights algorithm)



N
An Equivalent Form of EW Y(p) = Zp(i) Inp@@) (convex)

e nLt—l(i)

1
—_— — 1 L _ _
pt(l) 21_1 e —NLe—1(J) “ Pe alz;geIAn,\}n {(P; ‘ 1> T n l/)(p)}

Verify yourself

(Lagrange multiplier)

—Y(p) = 2 p(i) In— ( 3 is called the (Shannon) entropy function (concave)

(link)

N=2


https://math.stackexchange.com/questions/3791203/what-do-the-level-sets-of-the-shannon-entropy-look-like
https://tcosmo.github.io/2019/04/21/shannon-entropy.html

Follow the Regularized Leader (FTRL)

Regularizer
(t—1 1 // )
Xy = argmin « zfg(x) +—=Y(x) ¢
XEX n
\S=1 )

If Y is curved, it makes the update more stable:

1
(P, Le—1) \\\\ﬁ:igil////
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(Strongly) Convex Functions



Bregman Divergence



FTRL for Online Convex Optimization (OCO)

Given: convex set X c R%

Fort=1,2,..,T:
Learner makes a decision x; € X
Adversary decides a convex loss function f;: X - R
Adversary reveals f; to the learner

Follow The Regularized Leader (FTRL)
(t—1 )

1
X; = argmin 1; fs(x) + El/)(x)

~"

XEX
J




Regret Guarantee of FTRL in OLO

Theorem 3. Let ¢ be u-strongly-convex in norm ||-||.

Then FTRL in OCO ensures for any x™ € X,

r r Vo) — i p)
PN ACOEDWACHE
t=1 t=1

T

+30 ) VG
t:

I-1|.. is the dual norm of ||-||




Proof of Theorem 3 (Stability)



Proof of Theorem 3 (Stability)



Proof of Theorem 3



Special Case: Negative Shannon Entropy

X=dy, PO =) x(D)logx(D)

N
=1



Special Case: Euclidean Norm

1
X = general convex set, Y(x) = > [E1IE



OCO with only gradient feedback

Given: convex set X c R%

Fort=1,2,..,T:
Learner makes a decision x; € X
Adversary decides a convex loss function f;: X - R
Adversary reveals Vf;(x;) to the learner




Online Mirror Descent



Online Mirror Descent

Implicit Online Mirror Descent

1
X¢41 = argmin {ft(x) + — Dy (x, xt)}
XEX n

Online Mirror Descent

1
Xe+1 = argmin {<X» Vi (xe)) + ﬁDl/) (%, xt)}

XEX

The regret guarantee and analysis are closely related to those of FTRL
(will be studied in Homework 1)



Special Case: Negative Shannon Entropy

X=dy, PO =) x(D)logx(D)

N
=1



Special Case: Euclidean Norm

1
X = general convex set, Y(x) = > [E1IE



Follow The Perturbed Leader



Online Linear Optimization with a Weaker Adversary

Given: convex set X c R%

Fort=1,2,..,T:

Adversary decides a linear loss function f;(x) = (x, ;)
(not revealing it to the learner at this moment)

Learner makes a decision x; € X
Adversary reveals #; to the learner

] order swapped




Another Way to Avoid Exploitation by Adversary

L._1(1) Follow the Leader: i, = argmin L;_;(i)

N_l(z) LE[N]

» As the learner will choose i; = 2,
| 'l make £,(2) » £,(1) ...

[ - wmm -— i [ ]

—— Hard to predict the learner’s choice...

Z.(i) ~N(0,02) Vi=1.22




FTPL is also ensuring “stability”



FTPL for OLO

Follow The Perturbed Leader (FTPL) for OLO

(t—1 )

X; = argmin - Z(x, 2.) + (x,z:) ¢
XeX

\5=1 )

where z, € R% is drawn from some distribution D.

D needs not be Gaussian, needs not be zero mean, and needs not be the
same in every round.






When is FTPL more preferred than FTRL

For many common decision set X, it is (computationally) much easier to solve

argmin (x, L)
XeX

then
argmin (x, L) + Y (x)

XEX

for a given L € R¥.



When is FTPL more preferred than FTRL

Example: Online Shortest Path

Given: a graph, a source, and a sink
Let @ c {0,1}/F] be the set of paths from the source to sink
Fort=1,2,..,T:
Adversary decides the costs on all edges ¢, € RI%!
Learner chooses a path g; € Q
Adversary reveals ¢, to the learner

Q above is not a convex set, but we can

e Run OCO in X = convhull(Q) (becoming a set of flows)
e Sample g; such that E|[g;] = x; in round t.
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