Multi-Objective Online Learning
Chen-Yu Wei



References

Chapter 3 of Aaron’s lecture notes:
https://www.cis.upenn.edu/~aaroth/GameslnlLearning.pdf



https://www.cis.upenn.edu/~aaroth/GamesInLearning.pdf

Group-wise Regret



Online Learning with Multiple Subsequences

Fort=1,2,..,T:
Learner observes a context C; € {O@K
Learner generates a distribution p; € Ay
Adversary decides the loss vector ¢, = (£;(1), ..., £;(N)) € RY

Adversary reveals #; to the learner
Learner suffers loss (p;, ;)

Group-wise Regret = max z (ps, 1) — mln z ft(i)
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= max max Z Ce(k){pe, L) — £:(D))



Online Learning with Multiple Subsequences

Patients arrive one at a time; each belongs to several groups

Group k

All patients
Age = 65
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Learner's mix
Pt = AN

Experts i € [N]
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Why care about group-wise regret?



Online Learning with Multiple Subsequences

(a) The best expert changes over time; every interval is a group

Adaptive regret = max (E(pt, £;) — 21[11% Zf(i))
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= group-wise regret with one group per interval: Ci(k) =1{r € I}
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Is the standard no-regret guarantee sufficient?
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Our goal

max max z Ce(kK)Upe, €e) — (D)) <O (\/T log(l\())

ke[K] i€[N

In fact, the following stronger guarantee is possible:
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Recall: No-Regret Best-Response Dynamics

With a known G € RM*N

p-player (minimizer) g-player (maximizer)

Fort =1,2,... Fort =1,2,...

/ Generate g; € Ay from no-regret alg

Choose p; = argmin p'Gq,
PEAM
Feed no-regret alg with reward G "'p, € R

—_—

Boosting: Model player Sample player
LP: Variable player Constraint player



Recall: No-Regret Best-Response Dynamics
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Modified Scenario

Addition tion:
. . _ . MxN
With a time-varying and unknown G; € R v@th PTG, N V*

\/_\/

p-player (minimizer) g-player (maximizer) 7% " "6, Pef < v

Fort =1,2,... Fort =1,2,...

Choose inp'Gq, /
PEA M \

Choose p, such that p/ G,q, < V*

Generate g; € Ay from no-regret alg

Feed no-regret alg with reward G/ p, € RY

No-regret robust-response dynamics



Modified Scenario

Guarantee:
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A “trivial” instantiation of the dynamics

G, € RV*N Guarantee:
Ge(6,)) = 4:(0) — () m%% Z pet ¢ O ( \—’T’?m
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A “trivial” instantiation of the dynamics

G, € RNXN
Ge(i,)) = 4:(D) — £:(j)

The interaction just looks like below (somewhat trivial):
p-player (minimizer) q-player (maximizer)
Fort =1,2,... Fort =1,2,...

/

\ Feed no-regret alg with reward
() = (Pe, €e) — £:(J)

Generate q; € Ay from no-regret alg

Choose p; = q;



Back to “Online Learning with Multiple Subsequences”

Fort=1,2,..,T:
Learner observes a context C, € {0,1}%
Learner generates a distribution p; € Ay
Adversary decides the loss vector ¢, = (£;(1), ..., £;(N)) € RY

Adversary reveals #; to the learner
Learner suffers loss (p;, ;)

Group-wise Regret = max z (pt,ft)—_rg[iNn] Z 2. (1)
l

kE[K] t: Ct(k)_l t: Ct(k)_l

= max max Z Ce(k){pe, L) — £:(D))



Back to “Online Learning with Multiple Subsequences”
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Back to “Online Learning with Multiple Subsequences”

Gt = ]RNXNK

G (1, U, k)) = Ct(k)(ft(i) — ft(i))

Guarantee:
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Resulting Algorithm

Fort =1,2,.. Fort =1,2,...

/ Generate q; € Ayg from no-regret alg
Choose p; € Ay as

5o} = > qt(ij k)Ce (k) :,M/:L@,
Zj,k q:(J, k) Ce (k) Z(W ()

Feed no-regret alg with reward

r:(J, k) = Ce(k){pe, £r) — £:())



A No-Groupwise-Regret Algorithm

Initialize q,(i,k) = 1 for all (i,k) € [N] X [K]
Fort=1,2,..,T:
Learner observes C, € {0,1}%

Learner plays distribution

K
pe(i) x Z Ce(k) q:(i, k)
k=1

Adversarial reveals ¢, € RY
Update g, (i, k) = q:(i, k) exp (77 Ce (k) ((Pt»fﬁ — 1«Ot(])))

max max z Ce(k){ps, L) —£:(1) <0 (\/T log (NK)) with optimal choice of n

ke[K] i€[N]



How to Achieve A More Adaptive Performance?
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How to Achieve A More Adaptive Performance?
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Blum and Lykouris. Advancing Subgroup Fairness via Sleeping Experts. 2020.
A> Chen, Luo, Wei. Impossible Tuning Made Possible: A New Expert Algorithm and Its Applications. 2021.
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Application: Interval Regret (a.k.a. Adaptive Regret)
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Swap Regret



Internal Regret / Swap Regret

Fort=1,2,..,T:
Learner generates a distribution p; € Ay
Learner samples an action i; ~ p;
Adversary decides the loss vector ¢, = (£;(1), ..., £;(N)) € RY
Adversary reveals #; to the learner

Internal Regret for Actioni = z £.(i) — rg[ll\rll] z ¢ (j)
. J :

t: it=l T t: it=l
= C.(D))(L.(0) —L.(i
max Zl (D)) = £.(D)

= Group-wise regret where “Group i” consists of
rounds in which the learner selects action i




Internal Regret / Swap Regret

Fort=1,2,..,T:
Learner generates a distribution p; € Ay
Learner samples an action i; ~ p;
Adversary decides the loss vector ¢, = (ft(l) ft(N)) e RN
Adversary reveals #; to the learner

N
Swap Regret = Z[Internal Regret for Action i |

||
M'ﬂ I
=

£ — , min Z £ (i)
t=1




Using our previous algorithm for group-wise regret (?)
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