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Two-Player Zero-Sum Games



Two-Player Zero-Sum Games

𝑓(𝑥, 𝑦)

Min-player

𝑥 ∈ 𝒳

Max-player

𝑦 ∈ 𝒴



Game Matrix



Discussion (Sep 16)

Given a game matrix, (assuming the opponent will do their best), what is the 

best we can do? 



Compare the Two Values



Compare the Two Values

https://www.youtube.com/watch?v=RmgLPeASjXs 

(but this is actually not the minimax theorem…)

Minimax Theorem Informal Illustration

https://www.youtube.com/watch?v=RmgLPeASjXs


Compare the Two Values

min
𝑥

 max
𝑦

 𝑓(𝑥, 𝑦) max
𝑦

 min
𝑥

 𝑓(𝑥, 𝑦)

Protocol:  min-player has to reveal 

their decision (𝑥) to max-player 

Protocol:  max-player has to reveal 

their decision (𝑦) to min-player 

Game values when both players do their best: 



Minimax Theorem

(John von Neumann’s) Minimax Theorem (1928).   

Let 𝐺 ∈ ℝ𝑁×𝑀 . Then 

min
𝑝∈Δ𝑁

 max
𝑞∈Δ𝑀

 𝑝⊤𝐺𝑞 = max
𝑞∈Δ𝑀

 min
𝑝∈Δ𝑁

 𝑝⊤𝐺𝑞



Discussion

Given a game matrix, (assuming the opponent will do their best), what is the 

best we can do? 



Proof by running algorithm 







Nash Equilibrium



Nash Equilibrium



Another Proof of the Minimax Theorem



Application: Boosting

Setting:  Binary classification

Question:  Suppose we can always find a classifier that is only slightly better 

than random (i.e., 50% accuracy). Can we use this weak learner to produce an 

accurate classifier? 



Setting

Training data:  𝑥1, 𝑦1 , 𝑥2, 𝑦2 , … . , 𝑥𝑁 , 𝑦𝑁  ∈  ℱ × −1,1

Classifier:  ℎ:  ℱ → −1,1

Loss of a classifier ℎ on a training sample (𝑥, 𝑦):  



What Does “Weak Learner” Mean? 



What Does “Weak Learner” Mean? 



Applying Minimax Theorem





From No-Regret Learning to Boosting

For 𝑡 = 1, … , 𝑇: 

Input:  Training dataset 𝑥1, 𝑦1 , 𝑥2, 𝑦2 , … . , 𝑥𝑁, 𝑦𝑁  

Initialize a no-regret algorithm ALG over Δ𝑁 

Let ALG output 𝑝𝑡 ∈ Δ𝑁

Train a classifier ℎ𝑡 = argmin
ℎ∈ℋ

 𝔼𝑖∼𝑝𝑡
1 ℎ 𝑥𝑖 ≠ 𝑦𝑖

Define reward 𝑟𝑡 𝑖 = 1 ℎ𝑡 𝑥𝑖 ≠ 𝑦𝑖 .  

Feed reward vector 𝑟𝑡 to ALG.  





Boosting with Exponential Weights

For 𝑡 = 1, … , 𝑇: 

Input:  Training dataset 𝑥1, 𝑦1 , 𝑥2, 𝑦2 , … . , 𝑥𝑁, 𝑦𝑁  

Train a classifier ℎ𝑡 = argmin
ℎ∈ℋ

 𝔼𝑖∼𝑝𝑡
1 ℎ 𝑥𝑖 ≠ 𝑦𝑖

Update 𝑝𝑡+1 𝑖 ∝ 𝑝𝑡 𝑖  exp 𝜂 1 ℎ𝑡 𝑥𝑖 ≠ 𝑦𝑖



Adaboost

For 𝑡 = 1, … , 𝑇: 

Input:  Training dataset 𝑥1, 𝑦1 , 𝑥2, 𝑦2 , … . , 𝑥𝑁, 𝑦𝑁  

Train a classifier ℎ𝑡 = argmin
ℎ∈ℋ

 𝔼𝑖∼𝑝𝑡
1 ℎ 𝑥𝑖 ≠ 𝑦𝑖

Update 𝑝𝑡+1 𝑖 ∝ 𝑝𝑡 𝑖  exp 𝛼𝑡 1 ℎ𝑡 𝑥𝑖 ≠ 𝑦𝑖     with  𝛼𝑡 = ln
1−𝜖𝑡

𝜖𝑡

Let 𝜖𝑡 = 𝔼𝑖∼𝑝𝑡
1 ℎ𝑡 𝑥𝑖 ≠ 𝑦𝑖

(Yoav Freund and Robert Schapire, 1995)



Example

Link

https://www.cs.princeton.edu/courses/archive/spring14/cos511/handouts/boost-slides1.pdf
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  f ( x , y )


  x ∈ 𝒳


  y ∈ 𝒴


   min x    max y     f ( x , y )


   max y    min x   f ( x , y )


  x


  y


  G ∈  ℝ  N × M  


   min  p ∈  Δ N    max  q ∈  Δ M      p ⊤ G q =  max  q ∈  Δ M    min  p ∈  Δ N    p ⊤ G q


   (  x 1 ,  y 1 ) ,    (  x 2 ,  y 2 ) ,   … . ,    (  x N ,  y N )     ∈     ℱ   ×    { − 1 , 1 }


  h :     ℱ →    { − 1 , 1 }


  h


  ( x , y )


  t = 1 ,   … ,   T


   (  x 1 ,  y 1 ) ,    (  x 2 ,  y 2 ) ,   … . ,    (  x N ,  y N )


   Δ N


   p t ∈  Δ N


   h t =  argmin  h ∈ ℋ      𝔼  i ∼  p t  [ 1  [ h  (  x i ) ≠  y i ] ]


   r t  ( i ) = 1  [  h t  (  x i ) ≠  y i ]


   r t


  t = 1 ,   … ,   T


   (  x 1 ,  y 1 ) ,    (  x 2 ,  y 2 ) ,   … . ,    (  x N ,  y N )


   h t =  argmin  h ∈ ℋ      𝔼  i ∼  p t  [ 1  [ h  (  x i ) ≠  y i ] ]


   p  t + 1  ( i ) ∝  p t  ( i )   exp  ( 𝜂   1  [  h t  (  x i ) ≠  y i ] )


  t = 1 ,   … ,   T


   (  x 1 ,  y 1 ) ,    (  x 2 ,  y 2 ) ,   … . ,    (  x N ,  y N )


   h t =  argmin  h ∈ ℋ      𝔼  i ∼  p t  [ 1  [ h  (  x i ) ≠  y i ] ]


   p  t + 1  ( i ) ∝  p t  ( i )   exp  (  𝛼 t   1  [  h t  (  x i ) ≠  y i ] )


   𝛼 t = ln   1 −  𝜖 t   𝜖 t


   𝜖 t =  𝔼  i ∼  p t  [ 1  [  h t  (  x i ) ≠  y i ] ]

