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The Expert Problem

Given:  set of experts 𝒜 = {1, … , 𝐴}

For time 𝑡 = 1, 2, … , 𝑇: 

      Learner chooses a distribution over experts 𝑝𝑡 ∈ Δ𝒜

      Environment decides and reveals the reward vector 𝑟𝑡 = (𝑟𝑡 1 , … , 𝑟𝑡(𝐴))

Regret = max
𝑎∈𝒜



𝑡=1

𝑇

𝑟𝑡(𝑎) − 

𝑡=1

𝑇

𝑝𝑡 , 𝑟𝑡

Adversarial environment:   𝑟1 𝑎 , … , 𝑟𝑇(𝑎) do not have the same mean 

Environment decides the reward vector 𝑟𝑡 (not revealing) 

Learner chooses an expert 𝑎𝑡 

Environment reveals 𝑟𝑡 

Alternative protocol: 



Strategies? 

● Follow the leader

𝑎𝑡 = max
𝑎∈𝒜



𝑖=1

𝑡−1

𝑟𝑖(𝑎)



Incremental Updates

𝑝𝑡+1 𝑎 =
𝑝𝑡 𝑎  exp 𝜂𝑟𝑡(𝑎)

σ𝑎′∈𝒜 𝑝𝑡 𝑎′  exp 𝜂𝑟𝑡(𝑎′)

Exponential weight updates: 

𝑝𝑡+1 = ΠΔ𝒜
(𝑝𝑡 + 𝜂𝑟𝑡)

Projected gradient ascent: 



Equivalent Forms of EWU

𝑝𝑡+1 𝑎 =
𝑝𝑡 𝑎  exp 𝜂𝑟𝑡(𝑎)

σ𝑎′∈𝒜 𝑝𝑡 𝑎′  exp 𝜂𝑟𝑡(𝑎′)
𝑝𝑡+1 𝑎 =

exp 𝜂 σ𝑖=1
𝑡 𝑟𝑖(𝑎)

σ𝑎′∈𝒜 exp 𝜂 σ𝑖=1
𝑡 𝑟𝑖(𝑎′)

𝑝𝑡+1 = argmax
𝑝∈Δ𝒜

𝑝, 𝑟𝑡 −
1

𝜂
KL 𝑝, 𝑝𝑡

KL 𝑝, 𝑞 ≔ 

𝑎=1

𝐴

𝑝 𝑎  ln
𝑝 𝑎

𝑞 𝑎
(KL divergence)

𝑝𝑡+1 = argmax
𝑝∈Δ𝒜

𝑝, 
𝑖=1

𝑡

𝑟𝑖 +
1

𝜂
𝐻 𝑝

𝐻 𝑝 ≔ 

𝑎=1

𝐴

𝑝 𝑎  ln
1

𝑝 𝑎
(Shannon entropy)



Regret Bound for Exponential Weight Updates

Theorem.  

Assume that 𝜂𝑟𝑡 𝑎 ≤ 1 for all 𝑡, 𝑎.  Then EWU 

ensures

Regret = max
𝑎⋆



𝑡=1

𝑇

𝑟𝑡 𝑎⋆ − 𝑝𝑡 , 𝑟𝑡 ≤
ln 𝐴

𝜂
+ 𝜂 

𝑡=1

𝑇



𝑎=1

𝐴

𝑝𝑡 𝑎 𝑟𝑡 𝑎 2 

𝑝𝑡+1 𝑎 =
𝑝𝑡 𝑎  exp 𝜂𝑟𝑡(𝑎)

σ𝑎′∈𝒜 𝑝𝑡 𝑎′  exp 𝜂𝑟𝑡(𝑎′)



Regret Bound Analysis





Exponential Weight Updates

Exponential Weight Updates = KL divergence regularized policy updates

KL divergence regularized policy updates is the basis of many RL algorithms (e.g., PPO, SAC). 

𝑝𝑡+1 𝑎 =
𝑝𝑡 𝑎  exp 𝜂𝑟𝑡(𝑎)

σ𝑎′∈𝒜 𝑝𝑡 𝑎′  exp 𝜂𝑟𝑡(𝑎′)
𝑝𝑡+1 = argmax

𝑝∈Δ𝒜

𝑝, 𝑟𝑡 −
1

𝜂
KL 𝑝, 𝑝𝑡=



Projected Gradient Descent

Projected Gradient Descent = Euclidean norm regularized policy updates

𝑝𝑡+1 = ΠΔ𝒜
𝑝𝑡 + 𝜂𝑟𝑡 𝑝𝑡+1 = argmax

𝑝∈Δ𝒜

𝑝, 𝑟𝑡 −
1

2𝜂
𝑝 − 𝑝𝑡 2

2
=



Distance Regularized Updates 

Projected Gradient Descent Exponential Weight Updates

𝑝𝑡+1 = max
𝑝∈Δ𝒜

𝑝, 𝑟𝑡 −
1

2𝜂
𝑝 − 𝑝𝑡 2

2 𝑝𝑡+1 = max
𝑝∈Δ𝒜

𝑝, 𝑟𝑡 −
1

𝜂
KL 𝑝, 𝑝𝑡

● Adversarial reward

● Stochastic reward

● For non-linear functions, gradient only approximates the function locally

𝑝𝑡+1 = ΠΔ𝒜
𝑝𝑡 + 𝜂𝑟𝑡 𝑝𝑡+1 𝑎 ∝ 𝑝𝑡 𝑎  exp(𝜂𝑟𝑡(𝑎))



General Framework:  Mirror Descent

𝐷𝜓 𝑝, 𝑞 : = 𝜓 𝑝 − 𝜓 𝑞 − ∇𝜓 𝑞 , 𝑝 − 𝑞

(Bregman divergence w.r.t. the potential function / regularizer 𝜓) 

𝜓 𝑝 = 

𝑎=1

𝐴

𝑝 𝑎  ln 𝑝(𝑎)𝜓 𝑝 =
1

2
𝑝 2

2

𝑝𝑡+1 = max
𝑝∈Ω

𝑝, 𝑟𝑡 −
1

𝜂
𝐷𝜓(𝑝, 𝑝𝑡) 

Mirror Descent

Projected Gradient Descent Exponential Weight Updates

𝑝𝑡+1 = max
𝑝∈Δ𝒜

𝑝, 𝑟𝑡 −
1

2𝜂
𝑝 − 𝑝𝑡 2

2 𝑝𝑡+1 = max
𝑝∈Δ𝒜

𝑝, 𝑟𝑡 −
1

𝜂
KL 𝑝, 𝑝𝑡

𝑝𝑡+1 = ΠΔ𝒜
𝑝𝑡 + 𝜂𝑟𝑡 𝑝𝑡+1 𝑎 ∝ 𝑝𝑡 𝑎  exp(𝜂𝑟𝑡(𝑎))



Online Linear Optimization and Projected Gradient Descent

Given:  Convex feasible set Ω ⊆ ℝ𝑑

For time 𝑡 = 1, 2, … , 𝑇: 

      Learner chooses a point 𝑤𝑡 ∈ Ω

      Environment reveals a reward vector 𝑟𝑡 ∈ ℝ𝑑

Regret = max
𝑤∈Ω



𝑡=1

𝑇

𝑤, 𝑟𝑡 − 

𝑡=1

𝑇

𝑤𝑡 , 𝑟𝑡

𝑤𝑡+1 = ΠΩ(𝑤𝑡 + 𝜂𝑟𝑡)

Projected Gradient Descent

Arbitrary 𝑤1 ∈ Ω



Regret Bound of Projected Gradient Descent

Theorem.    Projected Gradient Descent ensures



𝑡=1

𝑇

𝑤⋆, 𝑟𝑡 − 

𝑡=1

𝑇

𝑤𝑡 , 𝑟𝑡 ≤
𝑤⋆ − 𝑤1 2

2

2𝜂
+

𝜂

2


𝑡=1

𝑇

𝑟𝑡 2
2 ≤

𝐷2

2𝜂
+

𝜂𝐺2𝑇

2



Summary

Projected Gradient Descent Exponential Weight Updates

𝑤𝑡+1 = max
𝑤∈Ω

𝑤, 𝑟𝑡 −
1

2𝜂
𝑤 − 𝑤𝑡 2

2 𝑝𝑡+1 = max
𝑝∈Δ𝒜

𝑝, 𝑟𝑡 −
1

𝜂
KL 𝑝, 𝑝𝑡

𝑤𝑡+1 = ΠΩ 𝑤𝑡 + 𝜂𝑟𝑡 𝑝𝑡+1 𝑎 ∝ 𝑝𝑡 𝑎  exp(𝜂𝑟𝑡(𝑎))

Regret ≤ 𝑂 𝐷𝐺 𝑇 Regret ≤ 𝑂 𝑇 log 𝐴

= 𝑂 𝐴𝑇 (in the expert setting)
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