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Approximate Policy Iteration (API)

For 𝑘 = 1, 2, … 

       Evaluate ෠𝑄𝑘 ≈ 𝑄𝜋𝑘

𝜋𝑘+1 𝑠 ← argmax
𝑎

 ෠𝑄𝑘 𝑠, 𝑎  



Limitation of Value Function Approximation



Idea 1:  Exponential Weights

For 𝑘 = 1, 2, … 

       Evaluate ෠𝑄𝑘 ≈ 𝑄𝜋𝑘

       Perform incremental policy update such as    

       𝜋𝑘+1 𝑎|𝑠 ∝ 𝜋𝑘 𝑎 𝑠  exp 𝜂 ෠𝑄𝑘 𝑠, 𝑎  



Idea 2:  Policy Gradient

Parameterize policy by 𝜋 = 𝜋𝜃

For 𝑘 = 1, 2, … 

𝜃𝑘+1 ← 𝜃𝑘 + 𝜂 ቚ∇𝜃𝑉𝜋𝜃 𝜌
𝜃=𝜃𝑘

How are exponential weights and policy gradient related? 



Policy Learning in the Expert Setting



Policy Gradient for Softmax Policy in Expert Problem

Assume full-information and fixed reward 𝑅 = (𝑅(1), … , 𝑅(𝐴))

Let 𝜃 = (𝜃(1), … , 𝜃 𝐴 ) and 𝜋𝜃 𝑎 =
exp 𝜃(𝑎)

σ𝑏=1
𝐴 exp 𝜃(𝑏)

 

⇒  ∇𝜃𝑉𝜋𝜃 = ?







Comparison between EW and PG over softmax policies

𝜃 = 𝜃(𝑎), … , 𝜃(𝐴) , 𝜋𝜃 𝑎 =
exp 𝜃(𝑎)

σ𝑏 exp 𝜃(𝑏)
 ,  𝑉𝜋𝜃 = ෍

𝑎

𝜋𝜃 𝑎 𝑅(𝑎)

𝜃𝑘+1 𝑎 ← 𝜃𝑘 𝑎 + 𝜂𝜋𝜃𝑘
𝑎 𝐴𝜃𝑘

(𝑎)

For 𝑘 = 1,2, …

Policy Gradient over softmax policies

𝜃𝑘+1 𝑎 ← 𝜃𝑘 𝑎 + 𝜂𝐴𝜃𝑘
(𝑎)

For 𝑘 = 1,2, …

Exponential weights



Experiments 𝜃𝑘+1 𝑎 ← 𝜃𝑘 𝑎 + 𝜂𝐴𝜃𝑘
(𝑎)

𝜃𝑘+1 𝑎 ← 𝜃𝑘 𝑎 + 𝜂𝜋𝜃𝑘
𝑎 𝐴𝜃𝑘

(𝑎)

EW: 

PG: 

Reward = [Ber(0.6), Ber(0.4)]

Initial policy 𝜋 = [0.0001, 0.9999]

Plot total reward in 1000 rounds



Optimization over ill-conditioned loss

https://math.stackexchange.com/questions/2285282/relating-condition-

number-of-hessian-to-the-rate-of-convergence



Two Ideas of Policy Updates

𝜃𝑘+1 𝑎 ← 𝜃𝑘 𝑎 + 𝜂𝜋𝜃𝑘
𝑎 𝐴𝜃𝑘

(𝑎)

Policy Gradient over softmax policies

𝜃𝑘+1 𝑎 ← 𝜃𝑘 𝑎 + 𝜂𝐴𝜃𝑘
(𝑎)

Exponential weights

𝜃𝑘+1 = argmax
𝜃

𝜃 − 𝜃𝑘 , ∇𝜃𝑉𝜋𝜃𝑘 −
1

2𝜂
𝜃 − 𝜃𝑘

2 𝜃𝑘+1 = argmax
𝜃

𝜋𝜃 − 𝜋𝜃𝑘
, 𝑅 −

1

𝜂
KL 𝜋𝜃 , 𝜋𝜃𝑘



Two Ideas for Function Approximation over Policies

(Vanilla) Policy Gradient Natural Policy Gradient

𝜃𝑘+1 = argmax
𝜃

𝜃 − 𝜃𝑘 , ∇𝜃𝑉𝜋𝜃𝑘 −
1

2𝜂
𝜃 − 𝜃𝑘

2 𝜃𝑘+1 = argmax
𝜃

𝜋𝜃 − 𝜋𝜃𝑘
, 𝑅 −

1

𝜂
KL 𝜋𝜃 , 𝜋𝜃𝑘



Approximating the NPG Update 

𝜃𝑘+1 = argmax
𝜃

𝜋𝜃 − 𝜋𝜃𝑘
, 𝑅 −

1

𝜂
KL 𝜋𝜃 , 𝜋𝜃𝑘

When 𝜃𝑘+1 ≈ 𝜃𝑘  (i.e., when 𝜂 is small), the following hold: 

𝜋𝜃 − 𝜋𝜃𝑘
, 𝑅 = 𝑉𝜋𝜃 − 𝑉𝜋𝜃𝑘 ≈ 𝜃 − 𝜃𝑘

⊤ ቚ∇𝜃𝑉𝜋𝜃

𝜃=𝜃𝑘

KL 𝜋𝜃 , 𝜋𝜃𝑘
≈ 𝜃 − 𝜃𝑘

⊤𝐹𝜃𝑘
(𝜃 − 𝜃𝑘)

where 𝐹𝜃𝑘
: =  หσ𝑎 𝜋𝜃 𝑎 ∇𝜃 log 𝜋𝜃 𝑎 ∇𝜃 log 𝜋𝜃 𝑎 ⊤

𝜃=𝜃𝑘

(Fisher information matrix)





NPG Updates

𝜃𝑘+1 = 𝜃𝑘 + 𝜂𝐹𝜃𝑘

−1 ቚ∇𝜃𝑉𝜋𝜃

𝜃=𝜃𝑘

𝜃𝑘+1 = 𝜃𝑘 + 𝜂 ቚ∇𝜃𝑉𝜋𝜃

𝜃=𝜃𝑘

cf.  vanilla PG: 



Summary: Policy Learning in the Expert Setting

PG NPG

𝜃𝑘+1 = argmax
𝜃

𝜃 − 𝜃𝑘 , ∇𝜃𝑉𝜋𝜃𝑘 −
1

2𝜂
𝜃 − 𝜃𝑘

2 𝜃𝑘+1 = argmax
𝜃

𝜋𝜃 − 𝜋𝜃𝑘
, 𝑅 −

1

𝜂
KL 𝜋𝜃 , 𝜋𝜃𝑘

𝜃𝑘+1 = 𝜃𝑘 + 𝜂∇𝜃𝑉𝜋𝜃𝑘
𝜃𝑘+1 = 𝜃𝑘 + 𝜂𝐹𝜃𝑘

−1∇𝜃𝑉𝜋𝜃𝑘

where 𝐹𝜃 = 𝔼𝑎∼𝜋𝜃
∇𝜃 log 𝜋𝜃 𝑎 ∇𝜃 log 𝜋𝜃 𝑎 ⊤

𝜃𝑘+1 𝑎 = 𝜃𝑘 𝑎 + 𝜂𝜋𝜃𝑘
𝑎 𝐴𝜃𝑘

(𝑎)

(under direct softmax parameterization)

𝜃𝑘+1 𝑎 = 𝜃𝑘 𝑎 + 𝜂𝐴𝜃𝑘
(𝑎)

(under direct softmax parameterization)



Policy Learning with Bandit Feedback



The design of EXP3

𝜋𝑘+1 𝑎 =
𝜋𝑘 𝑎  exp 𝜂𝑟𝑘(𝑎)

σ𝑏 𝜋𝑘 𝑏  exp 𝜂𝑟𝑘(𝑏)

Full-information

𝜋𝑘+1 𝑎 =
𝜋𝑘 𝑎  exp 𝜂 Ƹ𝑟𝑘(𝑎)

σ𝑏 𝜋𝑘 𝑏  exp 𝜂 Ƹ𝑟𝑘(𝑏)

Bandit

Ƹ𝑟𝑘 𝑎 =
𝑟𝑘 𝑎 𝕀 𝑎𝑘 = 𝑎

𝜋𝑘(𝑎)

Ƹ𝑟𝑘 𝑎 =
𝑟𝑘 𝑎 − 𝑏 − 𝑐(𝑎) 𝕀 𝑎𝑘 = 𝑎

𝜋𝑘(𝑎)
+ 𝑐(𝑎)

Inverse propensity weighting



NPG (regularization form) + Bandit Feedback

𝜃𝑘+1 = argmax
𝜃

𝜋𝜃 − 𝜋𝜃𝑘
, 𝑅 −

1

𝜂
KL 𝜋𝜃 , 𝜋𝜃𝑘

Use 𝜋𝜃𝑘
 to draw 𝑎𝑘1, 𝑎𝑘2, … , 𝑎𝑘𝑛, and get rewards 𝑟𝑘1, 𝑟𝑘2, … , 𝑟𝑘𝑛

Approximate 𝑅 𝑎 ≈ ෍

𝑖=1

𝑛
𝑟𝑘𝑖 − 𝑏  𝕀 𝑎𝑘𝑖 = 𝑎  

𝜋𝜃𝑘
(𝑎𝑘𝑖)

(𝑛 = 1 recovers EXP3)



NPG (regularization form) + Bandit Feedback

For 𝑘 = 1, 2, … 

Use 𝜋𝜃𝑘
 to draw 𝑎𝑘1, 𝑎𝑘2, … , 𝑎𝑘𝑛, and get rewards 𝑟𝑘1, 𝑟𝑘2, … , 𝑟𝑘𝑛

𝜃𝑘+1 = argmax
𝜃

𝜋𝜃 − 𝜋𝜃𝑘
, ෠𝑅𝑘 −

1

𝜂
KL 𝜋𝜃 , 𝜋𝜃𝑘

Let ෠𝑅𝑘 𝑎 =
1

𝑛
෍

𝑖=1

𝑛
𝑟𝑘𝑖 − 𝑏  𝕀 𝑎𝑘𝑖 = 𝑎  

𝜋𝜃𝑘
(𝑎𝑘𝑖)



NPG (regularization form) + Bandit Feedback

For 𝑘 = 1, 2, … 

Let

Use 𝜋𝜃𝑘
 to draw 𝑎𝑘1, 𝑎𝑘2, … , 𝑎𝑘𝑛, and get rewards 𝑟𝑘1, 𝑟𝑘2, … , 𝑟𝑘𝑛

𝜃 ← 𝜃 + 𝛼∇𝜃 𝜋𝜃 − 𝜋𝜃𝑘
, ෠𝑅𝑘 −

1

𝜂
KL 𝜋𝜃 , 𝜋𝜃𝑘

Repeat 𝑚 times: 

𝜃 ← 𝜃𝑘

𝜃𝑘+1 ← 𝜃

෠𝑅𝑘 𝑎 =
1

𝑛
෍

𝑖=1

𝑛
𝑟𝑘𝑖 − 𝑏  𝕀 𝑎𝑘𝑖 = 𝑎  

𝜋𝜃𝑘
(𝑎𝑘𝑖)



PG / NPG (Gradient-Update Form) + Bandit Feedback

𝜃𝑘+1 = 𝜃𝑘 + 𝜂 ቚ∇𝜃𝑉𝜋𝜃

𝜃=𝜃𝑘

PG

𝜃𝑘+1 = 𝜃𝑘 + 𝜂𝐹𝜃𝑘

−1 ቚ∇𝜃𝑉𝜋𝜃

𝜃=𝜃𝑘

NPG



PG + Bandit Feedback

For 𝑘 = 1, 2, … 

Use 𝜋𝜃𝑘
 to draw 𝑎𝑘1, 𝑎𝑘2, … , 𝑎𝑘𝑛, and get rewards 𝑟𝑘1, 𝑟𝑘2, … , 𝑟𝑘𝑛

Let 𝑔𝑘 =
1

𝑛
෍

𝑖=1

𝑛
𝑟𝑘𝑖 − 𝑏

𝜋𝜃𝑘
𝑎𝑘𝑖

ቚ∇𝜃𝜋𝜃 𝑎𝑘𝑖
𝜃=𝜃𝑘

𝜃𝑘+1 = 𝜃𝑘 + 𝜂𝑔𝑘



PG + Bandit Feedback

For 𝑘 = 1, 2, … 

Use 𝜋𝜃𝑘
 to draw 𝑎𝑘1, 𝑎𝑘2, … , 𝑎𝑘𝑛, and get rewards 𝑟𝑘1, 𝑟𝑘2, … , 𝑟𝑘𝑛

Let 𝑔𝑘 = ቮ
1

𝑛
 ෍

𝑖=1

𝑛

𝑟𝑘𝑖 − 𝑏 ∇𝜃 log 𝜋𝜃 𝑎𝑘𝑖

𝜃=𝜃𝑘

𝜃𝑘+1 = 𝜃𝑘 + 𝜂𝑔𝑘



NPG (Gradient-Update Form) + Bandit Feedback

For 𝑘 = 1, 2, … 

Let

Use 𝜋𝜃𝑘
 to draw 𝑎𝑘1, 𝑎𝑘2, … , 𝑎𝑘𝑛, and get rewards 𝑟𝑘1, 𝑟𝑘2, … , 𝑟𝑘𝑛

𝑔𝑘 = ቮ
1

𝑛
 ෍

𝑖=1

𝑛

𝑟𝑘𝑖 − 𝑏 ∇𝜃 log 𝜋𝜃 𝑎𝑘𝑖

𝜃=𝜃𝑘

𝜃𝑘+1 = 𝜃𝑘 + 𝜂𝐹𝜃𝑘

−1𝑔𝑘



Summary: Policy Learning in Bandits

PG NPG

𝜃𝑘+1 = argmax
𝜃

𝜃 − 𝜃𝑘 , ∇𝜃𝑉𝜋𝜃𝑘 −
1

2𝜂
𝜃 − 𝜃𝑘

2 𝜃𝑘+1 = argmax
𝜃

𝜋𝜃 − 𝜋𝜃𝑘
, 𝑅 −

1

𝜂
KL 𝜋𝜃 , 𝜋𝜃𝑘

𝜃𝑘+1 = 𝜃𝑘 + 𝜂∇𝜃𝑉𝜋𝜃𝑘
𝜃𝑘+1 = 𝜃𝑘 + 𝜂𝐹𝜃𝑘

−1∇𝜃𝑉𝜋𝜃𝑘

where 𝐹𝜃 = 𝔼𝑎∼𝜋𝜃
∇𝜃 log 𝜋𝜃 𝑎 ∇𝜃 log 𝜋𝜃 𝑎 ⊤

𝑅 𝑎 ≈
1

𝑛
෍

𝑖=1

𝑛
𝑟𝑘𝑖 − 𝑏  𝕀 𝑎𝑘𝑖 = 𝑎  

𝜋𝜃𝑘
(𝑎𝑘𝑖)

∇𝜃𝑉𝜋𝜃𝑘 ≈
1

𝑛
෍

𝑖=1

𝑛
𝑟𝑘𝑖 − 𝑏

𝜋𝜃𝑘
𝑎𝑘𝑖

ቚ∇𝜃𝜋𝜃 𝑎𝑘𝑖
𝜃=𝜃𝑘

= ቮ
1

𝑛
 ෍

𝑖=1

𝑛

𝑟𝑘𝑖 − 𝑏 ∇𝜃 log 𝜋𝜃 𝑎𝑘𝑖

𝜃=𝜃𝑘



Policy Learning in MDPs 
(Full-Information Case)



Exponential Weights

For 𝑘 = 1, 2, … 

      Perform individual exponential weight update on all state 𝒔: 

       

𝜋𝑘+1 𝑎|𝑠 =
𝜋𝑘 𝑎|𝑠  exp 𝜂𝑄𝜋𝑘(𝑠, 𝑎)

σ𝑎′ 𝜋𝑘 𝑎′|𝑠  exp 𝜂𝑄𝜋𝑘(𝑠, 𝑎′)



Analysis for Exponential Weights

Theorem.  

The exponential weight algorithm guarantees

෍

𝑘=1

𝐾

𝑉𝜋⋆
𝜌 − 𝑉𝜋𝑘(𝜌) ≤

1

1 − 𝛾

ln 𝐴

𝜂
+ 𝜂𝐴𝐾

for any initial state distribution 𝜌. 

Remark.  It is possible to show “last-iterate convergence” 





Equivalent Forms of Exponential Weights

𝜋𝑘+1 ⋅ |𝑠 = argmax
𝜋(⋅|𝑠)

 ෍

𝑎

𝜋 𝑎 𝑠 𝑄𝜋𝑘 𝑠, 𝑎 −
1

𝜂
KL(𝜋 ⋅ 𝑠 , 𝜋𝑘(⋅ |𝑠))

෍

𝑎

𝜋 𝑎 𝑠 𝑄𝜋𝑘 𝑠, 𝑎 − 𝑏(𝑠)

෍

𝑎

𝜋 𝑎 𝑠 𝐴𝜋𝑘(𝑠, 𝑎)

෍

𝑎

𝜋 𝑎 𝑠 − 𝜋𝑘(𝑎|𝑠) 𝑄𝜋𝑘 𝑠, 𝑎

…

∀𝑠, 



Natural Policy Gradient (Regularization Form)

𝜃𝑘+1 = argmax
𝜃

 ෍

𝑠

𝑑𝜌

𝜋𝜃𝑘 𝑠 ෍

𝑎

𝜋𝜃 𝑎 𝑠 𝑄𝜋𝜃𝑘 𝑠, 𝑎 −
1

𝜂
KL(𝜋𝜃 ⋅ 𝑠 , 𝜋𝜃𝑘

(⋅ |𝑠))



Policy Gradient

𝜃𝑘+1 = 𝜃𝑘 + 𝜂 ቚ∇𝜃𝑉𝜋𝜃 𝜌
𝜃=𝜃𝑘

= 𝜃𝑘 + 𝜂 ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃𝑘 𝑠 ቚ∇𝜃𝜋𝜃 𝑎 𝑠
𝜃=𝜃𝑘

𝑄𝜋𝜃𝑘 (𝑠, 𝑎)

Policy Gradient Theorem

∇𝜃𝑉𝜋𝜃 𝜌 = ෍

𝑠,𝑎

𝑑𝜌
𝜋𝜃 𝑠 ∇𝜃𝜋𝜃 𝑎 𝑠 𝑄𝜋𝜃(𝑠, 𝑎)

Proof By the value difference lemma, for any Δ𝜃 = 𝜖e𝑖 we have 

𝑉𝜋𝜃+𝜖e𝑖 𝜌 − 𝑉𝜋𝜃 𝜌 = ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃+𝜖e𝑖 𝑠 𝜋𝜃+𝜖e𝑖
𝑎 𝑠 − 𝜋𝜃 𝑎 𝑠 𝑄𝜋𝜃(𝑠, 𝑎)

Dividing both sides by 𝜖 and taking 𝜖 → 0,  we get 

𝜕

𝜕𝜃𝑖
𝑉𝜃 𝜌 = ෍

𝑠,𝑎

𝑑𝜌
𝜋𝜃 𝑠

𝜕

𝜕𝜃𝑖
𝜋𝜃 𝑎|𝑠 𝑄𝜋𝜃(𝑠, 𝑎)



NPG vs. PG

𝜃𝑘+1 = argmax
𝜃

 ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃𝑘 𝑠 𝜋𝜃 𝑎 𝑠 𝑄𝜋𝜃𝑘 𝑠, 𝑎 −
1

𝜂
෍

𝑠

𝑑𝜌

𝜋𝜃𝑘 𝑠 KL 𝜋𝜃 ⋅ 𝑠 , 𝜋𝜃𝑘
(⋅ |𝑠)

𝜃𝑘+1 = argmax
𝜃

 ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃𝑘 𝑠 (𝜃 − 𝜃𝑘)⊤ ∇𝜃𝜋𝜃𝑘
𝑎 𝑠 𝑄𝜋𝜃𝑘 𝑠, 𝑎 −

1

2𝜂
𝜃 − 𝜃𝑘

2

Policy Gradient

Natural Policy Gradient

𝜃𝑘+1 = 𝜃𝑘 + 𝜂 ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃𝑘 𝑠 ቚ∇𝜃𝜋𝜃 𝑎 𝑠
𝜃=𝜃𝑘

𝑄𝜋𝜃𝑘 (𝑠, 𝑎)



NPG (Gradient-Update Form)

𝜃𝑘+1 = argmax
𝜃

 ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃𝑘 𝑠 𝜋𝜃 𝑎 𝑠 − 𝜋𝜃𝑘
(𝑎|𝑠) 𝑄𝜋𝜃𝑘 𝑠, 𝑎 −

1

𝜂
෍

𝑠

𝑑𝜌

𝜋𝜃𝑘 𝑠 KL 𝜋𝜃 ⋅ 𝑠 , 𝜋𝜃𝑘
(⋅ |𝑠)

≈ argmax
𝜃

 ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃𝑘 𝑠 𝜃 − 𝜃𝑘
⊤ ቚ∇𝜃𝜋𝜃 𝑎 𝑠

𝜃=𝜃𝑘

𝑄𝜋𝜃𝑘 𝑠, 𝑎 −
1

2𝜂
෍

𝑠

𝑑𝜌

𝜋𝜃𝑘 𝑠 𝜃 − 𝜃𝑘
⊤𝐹𝜃𝑘

(𝑠) 𝜃 − 𝜃𝑘

= argmax
𝜃

 𝜃 − 𝜃𝑘
⊤ ቚ∇𝜃𝑉𝜋𝜃 𝜌

𝜃=𝜃𝑘

−
1

2𝜂
𝜃 − 𝜃𝑘

⊤𝐹𝜃𝑘
𝜃 − 𝜃𝑘

= 𝜃𝑘 + 𝜂𝐹𝜃𝑘

−1 ቚ∇𝜃𝑉𝜋𝜃 𝜌
𝜃=𝜃𝑘



Summary: Full-Information Policy Learning in MDPs

Unified Idea: 

𝜃𝑘+1 = argmax
𝜃

𝑉𝜋𝜃 𝜌 − 𝑉𝜋𝜃𝑘 (𝜌) −
1

𝜂
𝐷(𝜃, 𝜃𝑘)

≈ ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃𝑘 𝑠 𝜋𝜃 𝑎 𝑠 − 𝜋𝜃𝑘
(𝑎|𝑠) 𝑄𝜋𝜃𝑘 (𝑠, 𝑎)

≈ 𝜃 − 𝜃𝑘
⊤ ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃𝑘 𝑠 ቚ∇𝜃𝜋𝜃 𝑎 𝑠
𝜃=𝜃𝑘

𝑄𝜋𝜃𝑘 (𝑠, 𝑎)

= 𝜃 − 𝜃𝑘
⊤ ቚ∇𝜃𝑉𝜋𝜃 𝜌

𝜃=𝜃𝑘



Summary: Full-Information Policy Learning in MDPs

PG NPG

argmax
𝜃

𝜃 − 𝜃𝑘 , ∇𝜃𝑉𝜋𝜃𝑘 (𝜌) −
1

2𝜂
𝜃 − 𝜃𝑘

2 argmax
𝜃

 ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃𝑘 𝑠 𝜋𝜃 𝑎 𝑠 𝑄𝜋𝜃𝑘 𝑠, 𝑎 −
1

𝜂
෍

𝑠

𝑑𝜌

𝜋𝜃𝑘 𝑠 KL 𝜋𝜃 ⋅ 𝑠 , 𝜋𝜃𝑘
(⋅ |𝑠)

𝜃𝑘 + 𝜂∇𝜃𝑉𝜋𝜃𝑘 (𝜌)
𝜃𝑘 + 𝜂𝐹𝜃𝑘

−1∇𝜃𝑉𝜋𝜃𝑘 𝜌

where 𝐹𝜃 = 𝔼
𝑠∼𝑑𝜌

𝜋𝜃 𝔼𝑎∼𝜋𝜃
∇𝜃 log 𝜋𝜃 𝑎|𝑠 ∇𝜃 log 𝜋𝜃 𝑎|𝑠 ⊤

Tabular Case: 

𝜋𝑘+1 𝑎 𝑠 =
𝜋𝑘 𝑎 𝑠  exp 𝜂𝑄𝜋𝑘(𝑠, 𝑎)

σ𝑎′ 𝜋𝑘 𝑎′ 𝑠  exp 𝜂𝑄𝜋𝑘(𝑠, 𝑎′)



Policy Learning in MDPs 
(Bandit Feedback Case)



NPG (Regularization Form)

𝑑𝜌
𝜋 𝑠 = 𝔼  ቮ෍

ℎ=1

∞

𝛾ℎ−1 𝕀 𝑠ℎ = 𝑠  𝑠1 ∼ 𝜌, 𝑎ℎ ∼ 𝜋(⋅ |𝑠ℎ)

𝑄𝜋 𝑠, 𝑎 = 𝔼  ቮ෍

ℎ=1

∞

𝛾ℎ−1 𝑅(𝑠ℎ, 𝑎ℎ) 𝑠1, 𝑎1 = 𝑠, 𝑎 , 𝑎ℎ ∼ 𝜋 ⋅ 𝑠ℎ  for ℎ ≥ 2

𝜃𝑘+1 = argmax
𝜃

 ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃𝑘 𝑠 𝜋𝜃 𝑎 𝑠 𝑄𝜋𝜃𝑘 𝑠, 𝑎 − 𝑏(𝑠) −
1

𝜂
෍

𝑠

𝑑𝜌

𝜋𝜃𝑘 𝑠 KL 𝜋𝜃 ⋅ 𝑠 , 𝜋𝜃𝑘
(⋅ |𝑠)  



NPG (Regularization Form)

𝜃𝑘+1 = argmax
𝜃

 ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃𝑘 𝑠 𝜋𝜃 𝑎 𝑠 𝑄𝜋𝜃𝑘 𝑠, 𝑎 − 𝑏(𝑠) −
1

𝜂
෍

𝑠

𝑑𝜌

𝜋𝜃𝑘 𝑠 KL 𝜋𝜃 ⋅ 𝑠 , 𝜋𝜃𝑘
(⋅ |𝑠)  

For a fixed 𝜃, an estimator for σ𝑠,𝑎 𝑑𝜌

𝜋𝜃𝑘 𝑠 𝜋𝜃 𝑎 𝑠 𝑄𝜋𝜃𝑘 𝑠, 𝑎 − 𝑏(𝑠)  can be obtained as follows: 

Sample a trajectory (𝑠1 ∼ 𝜌, 𝑎1, 𝑟1, 𝑠2, 𝑎2, 𝑟2, … , 𝑠𝜏, 𝑎𝜏, 𝑟𝜏) using policy 𝜋𝜃𝑘

Define the estimator as ෍

ℎ=1

𝜏

𝛾ℎ−1
𝜋𝜃 𝑎ℎ 𝑠ℎ

𝜋𝜃𝑘
𝑎ℎ 𝑠ℎ

𝑅ℎ − 𝑏(𝑠ℎ)

Define 𝑅ℎ = ෍

𝑖=ℎ

𝜏

𝛾𝑖−ℎ𝑟𝑖  

Similarly, σ𝑠 𝑑𝜌

𝜋𝜃𝑘 𝑠 KL 𝜋𝜃 ⋅ 𝑠 , 𝜋𝜃𝑘
(⋅ |𝑠)  can be estimated as σℎ=1

𝜏 𝛾ℎ−1KL 𝜋𝜃 ⋅ 𝑠ℎ , 𝜋𝜃𝑘
(⋅ |𝑠ℎ)



NPG (Regularization Form) + Bandit Feedback

For 𝑘 = 1, 2, … 

Use 𝜋𝜃𝑘
 to collect 𝑛 trajectories

𝜃𝑘+1 = argmax
𝜃

 ൞
1

𝑛
෍

𝑖=1

𝑛

෍

ℎ=1

𝜏𝑛

𝛾ℎ−1
𝜋𝜃 𝑎ℎ 

(𝑖)
𝑠ℎ

(𝑖)

𝜋𝜃𝑘
𝑎ℎ

(𝑖)
𝑠ℎ

(𝑖)
𝑅ℎ

(𝑖)
− 𝑏 𝑠ℎ

𝑖

𝑠1
1

, 𝑎1
1

, 𝑟1
1

, ⋯ , 𝑠𝜏1

1
, 𝑎𝜏1

1
, 𝑟𝜏1

1
, … … , 𝑠1

𝑛
, 𝑎1

𝑛
, 𝑟1

𝑛
, ⋯ , 𝑠𝜏𝑛

𝑛
, 𝑎𝜏𝑛

𝑛
, 𝑟𝜏𝑛

𝑛

ቑ−
1

𝜂

1

𝑛
෍

𝑖=1

𝑛

෍

ℎ=1

𝜏𝑛

𝛾ℎ−1KL 𝜋𝜃 ⋅ 𝑠ℎ
(𝑖)

, 𝜋𝜃𝑘
⋅ 𝑠ℎ

𝑖

Practical version will not include the discount factor at the front



NPG (Regularization Form) + Bandit Feedback

For 𝑘 = 1, 2, … 

Use 𝜋𝜃𝑘
 to collect 𝑛 trajectories

𝜃𝑘+1 = argmax
𝜃

 ൞
1

𝑛
෍

𝑖=1

𝑛

෍

ℎ=1

𝜏𝑛 𝜋𝜃 𝑎ℎ 
(𝑖)

𝑠ℎ
(𝑖)

𝜋𝜃𝑘
𝑎ℎ

(𝑖)
𝑠ℎ

(𝑖)
𝑅ℎ

(𝑖)
− 𝑏 𝑠ℎ

𝑖

𝑠1
1

, 𝑎1
1

, 𝑟1
1

, ⋯ , 𝑠𝜏1

1
, 𝑎𝜏1

1
, 𝑟𝜏1

1
, … … , 𝑠1

𝑛
, 𝑎1

𝑛
, 𝑟1

𝑛
, ⋯ , 𝑠𝜏𝑛

𝑛
, 𝑎𝜏𝑛

𝑛
, 𝑟𝜏𝑛

𝑛

ቑ−
1

𝜂

1

𝑛
෍

𝑖=1

𝑛

෍

ℎ=1

𝜏𝑛

KL 𝜋𝜃 ⋅ 𝑠ℎ
(𝑖)

, 𝜋𝜃𝑘
⋅ 𝑠ℎ

𝑖



NPG (Regularization Form) + Bandit Feedback

For 𝑘 = 1, 2, … 

Use 𝜋𝜃𝑘
 to collect 𝑛 trajectories

𝑠1
1

, 𝑎1
1

, 𝑟1
1

, ⋯ , 𝑠𝜏1

1
, 𝑎𝜏1

1
, 𝑟𝜏1

1
, … … , 𝑠1

𝑛
, 𝑎1

𝑛
, 𝑟1

𝑛
, ⋯ , 𝑠𝜏𝑛

𝑛
, 𝑎𝜏𝑛

𝑛
, 𝑟𝜏𝑛

𝑛

𝜃 ← 𝜃 + 𝛼∇𝜃𝑊𝑘(𝜃)

Repeat 𝑚 times: 

𝜃 ← 𝜃𝑘

𝜃𝑘+1 ← 𝜃

Let 𝑊𝑘 𝜃 ≔
1

𝑛
෍

𝑖=1

𝑛

෍

ℎ=1

𝜏𝑛 𝜋𝜃 𝑎ℎ 
(𝑖)

𝑠ℎ
(𝑖)

𝜋𝜃𝑘
𝑎ℎ

(𝑖)
𝑠ℎ

(𝑖)
𝑅ℎ

(𝑖)
− 𝑏 𝑠ℎ

𝑖
−

1

𝜂

1

𝑛
෍

𝑖=1

𝑛

෍

ℎ=1

𝜏𝑛

KL 𝜋𝜃 ⋅ 𝑠ℎ
(𝑖)

, 𝜋𝜃𝑘
⋅ 𝑠ℎ

𝑖



PG

𝜃𝑘+1 = 𝜃𝑘 + 𝜂 ቚ∇𝜃𝑉𝜋𝜃 𝜌
𝜃=𝜃𝑘

= 𝜃𝑘 + 𝜂 ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃𝑘 𝑠 ቚ∇𝜃𝜋𝜃 𝑎 𝑠
𝜃=𝜃𝑘

𝑄𝜋𝜃𝑘 𝑠, 𝑎 − 𝑏(𝑠)



PG + Bandit Feedback (REINFORCE)

For 𝑘 = 1, 2, … 

Use 𝜋𝜃𝑘
 to collect 𝑛 trajectories

𝑠1
1

, 𝑎1
1

, 𝑟1
1

, ⋯ , 𝑠𝜏1

1
, 𝑎𝜏1

1
, 𝑟𝜏1

1
, … … , 𝑠1

𝑛
, 𝑎1

𝑛
, 𝑟1

𝑛
, ⋯ , 𝑠𝜏𝑛

𝑛
, 𝑎𝜏𝑛

𝑛
, 𝑟𝜏𝑛

𝑛

Define 

𝑔 =
1

𝑛
෍

𝑖=1

𝑛

෍

ℎ=1

𝜏𝑛 ቚ∇𝜃𝜋𝜃 𝑎ℎ
𝑖

𝑠ℎ
𝑖

𝜃=𝜃𝑘

𝜋𝜃𝑘
𝑎ℎ

(𝑖)
𝑠ℎ

(𝑖)
𝑅ℎ

(𝑖)
− 𝑏 𝑠ℎ

𝑖

𝜃𝑘+1 ← 𝜃𝑘 + 𝜂𝑔

Perform update 



PG + Bandit Feedback (REINFORCE)

For 𝑘 = 1, 2, … 

Use 𝜋𝜃𝑘
 to collect 𝑛 trajectories

Define 

𝑠1
1

, 𝑎1
1

, 𝑟1
1

, ⋯ , 𝑠𝜏1

1
, 𝑎𝜏1

1
, 𝑟𝜏1

1
, … … , 𝑠1

𝑛
, 𝑎1

𝑛
, 𝑟1

𝑛
, ⋯ , 𝑠𝜏𝑛

𝑛
, 𝑎𝜏𝑛

𝑛
, 𝑟𝜏𝑛

𝑛

𝑔 =
1

𝑛
෍

𝑖=1

𝑛

෍

ℎ=1

𝜏𝑛

ฬ∇𝜃log 𝜋𝜃 𝑎ℎ
𝑖

𝑠ℎ
𝑖

𝜃=𝜃𝑘

𝑅ℎ
(𝑖)

− 𝑏 𝑠ℎ
𝑖

𝜃𝑘+1 ← 𝜃𝑘 + 𝜂𝑔

Perform update 



NPG (Gradient-Update Form) + Bandit Feedback

For 𝑘 = 1, 2, … 

Use 𝜋𝜃𝑘
 to collect 𝑛 trajectories

Define 

𝑠1
1

, 𝑎1
1

, 𝑟1
1

, ⋯ , 𝑠𝜏1

1
, 𝑎𝜏1

1
, 𝑟𝜏1

1
, … … , 𝑠1

𝑛
, 𝑎1

𝑛
, 𝑟1

𝑛
, ⋯ , 𝑠𝜏𝑛

𝑛
, 𝑎𝜏𝑛

𝑛
, 𝑟𝜏𝑛

𝑛

𝑔 =
1

𝑛
෍

𝑖=1

𝑛

෍

ℎ=1

𝜏𝑛

ฬ∇𝜃log 𝜋𝜃 𝑎ℎ
𝑖

𝑠ℎ
𝑖

𝜃=𝜃𝑘

𝑅ℎ
(𝑖)

− 𝑏 𝑠ℎ
𝑖

𝜃𝑘+1 ← 𝜃𝑘 + 𝜂𝐹𝜃𝑘

−1𝑔

Perform update 

𝐹𝜃𝑘
=

1

𝑛
෍

𝑖=1

𝑛

෍

ℎ=1

𝜏𝑛

∇𝜃log 𝜋𝜃𝑘
𝑎ℎ

𝑖
𝑠ℎ

𝑖
∇𝜃log 𝜋𝜃𝑘

𝑎ℎ
𝑖

𝑠ℎ
𝑖

⊤



Summary: Policy Learning in MDPs

PG NPG

argmax
𝜃

𝜃 − 𝜃𝑘 , ∇𝜃𝑉𝜋𝜃𝑘 (𝜌) −
1

2𝜂
𝜃 − 𝜃𝑘

2 argmax
𝜃

 ෍

𝑠,𝑎

𝑑𝜌

𝜋𝜃𝑘 𝑠 𝜋𝜃 𝑎 𝑠 𝑄𝜋𝜃𝑘 𝑠, 𝑎 −
1

𝜂
෍

𝑠

𝑑𝜌

𝜋𝜃𝑘 𝑠 KL 𝜋𝜃 ⋅ 𝑠 , 𝜋𝜃𝑘
(⋅ |𝑠)

𝜃𝑘 + 𝜂∇𝜃𝑉𝜋𝜃𝑘 (𝜌)
𝜃𝑘 + 𝜂𝐹𝜃𝑘

−1∇𝜃𝑉𝜋𝜃𝑘 𝜌

where 𝐹𝜃 = 𝔼
𝑠∼𝑑𝜌

𝜋𝜃 𝔼𝑎∼𝜋𝜃
∇𝜃 log 𝜋𝜃 𝑎|𝑠 ∇𝜃 log 𝜋𝜃 𝑎|𝑠 ⊤

1

𝑛
෍

𝑖=1

𝑛

෍

ℎ=1

𝜏𝑛 ቚ∇𝜃𝜋𝜃 𝑎ℎ
𝑖

𝑠ℎ
𝑖

𝜃=𝜃𝑘

𝜋𝜃𝑘
𝑎ℎ

(𝑖)
𝑠ℎ

(𝑖)
𝑅ℎ

(𝑖)
− 𝑏 𝑠ℎ

𝑖

=
1

𝑛
෍

𝑖=1

𝑛

෍

ℎ=1

𝜏𝑛

ฬ∇𝜃log 𝜋𝜃 𝑎ℎ
𝑖

𝑠ℎ
𝑖

𝜃=𝜃𝑘

𝑅ℎ
(𝑖)

− 𝑏 𝑠ℎ
𝑖

1

𝑛
෍

𝑖=1

𝑛

෍

ℎ=1

𝜏𝑛 𝜋𝜃 𝑎ℎ 
(𝑖)

𝑠ℎ
(𝑖)

𝜋𝜃𝑘
𝑎ℎ

(𝑖)
𝑠ℎ

(𝑖)
𝑅ℎ

(𝑖)
− 𝑏 𝑠ℎ

𝑖


	Slide 1: Approximate Policy Iteration and  Policy-Based Learning Methods
	Slide 2: Approximate Policy Iteration (API)
	Slide 3: Limitation of Value Function Approximation
	Slide 4: Idea 1:  Exponential Weights
	Slide 5: Idea 2:  Policy Gradient
	Slide 6: Policy Learning in the Expert Setting
	Slide 7: Policy Gradient for Softmax Policy in Expert Problem
	Slide 8
	Slide 9
	Slide 10: Comparison between EW and PG over softmax policies
	Slide 11: Experiments
	Slide 12: Optimization over ill-conditioned loss
	Slide 13: Two Ideas of Policy Updates
	Slide 14: Two Ideas for Function Approximation over Policies
	Slide 15: Approximating the NPG Update 
	Slide 16
	Slide 17: NPG Updates
	Slide 18: Summary: Policy Learning in the Expert Setting
	Slide 19: Policy Learning with Bandit Feedback
	Slide 20: The design of EXP3
	Slide 21: NPG (regularization form) + Bandit Feedback
	Slide 22: NPG (regularization form) + Bandit Feedback
	Slide 23: NPG (regularization form) + Bandit Feedback
	Slide 24: PG / NPG (Gradient-Update Form) + Bandit Feedback
	Slide 25: PG + Bandit Feedback
	Slide 26: PG + Bandit Feedback
	Slide 27: NPG (Gradient-Update Form) + Bandit Feedback
	Slide 28: Summary: Policy Learning in Bandits
	Slide 29: Policy Learning in MDPs 
	Slide 30: Exponential Weights
	Slide 31: Analysis for Exponential Weights
	Slide 32
	Slide 33: Equivalent Forms of Exponential Weights
	Slide 34: Natural Policy Gradient (Regularization Form)
	Slide 35: Policy Gradient
	Slide 36: NPG vs. PG
	Slide 37: NPG (Gradient-Update Form)
	Slide 38: Summary: Full-Information Policy Learning in MDPs
	Slide 39: Summary: Full-Information Policy Learning in MDPs
	Slide 40: Policy Learning in MDPs 
	Slide 41: NPG (Regularization Form)
	Slide 42: NPG (Regularization Form)
	Slide 43: NPG (Regularization Form) + Bandit Feedback
	Slide 44: NPG (Regularization Form) + Bandit Feedback
	Slide 45: NPG (Regularization Form) + Bandit Feedback
	Slide 46: PG
	Slide 47: PG + Bandit Feedback (REINFORCE)
	Slide 48: PG + Bandit Feedback (REINFORCE)
	Slide 49: NPG (Gradient-Update Form) + Bandit Feedback
	Slide 50: Summary: Policy Learning in MDPs

