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1 Inverse Gap Weighting for Multi-Armed bandits

Algorithm 1 Inverse Gap Weighting

Parameter: \ > 0.
fort=1,2,...,T do

Let Ry(a) = % ity _,{a, = a} = 0 then define Ri(a) =0
Let by = argmax, 4 R:(a). // break ties arbitrarily

Define Gap, (a) = R, (b)) — Ry(a).
Sample a; from distribution 7, defined as

1

mi(a) = ¢ + AGap, (a)

where +; is a normalization factor that makes ) . , 7¢(a) = 1 (as discussed in the class, \; € [1, A]).

Receive r; = R(at) + wy, where wy is a zero-mean noise.

Theorem 1. Inverse gap weighting (Algorithm 1) with parameter \ ensures
E[Regret] < O ~ + Aog™ T + /AT logT | .

Proof. Define Ny(a) =Y _,I{a; = a} and N;' (a) = max{N;(a), 1}. By Hoeffding’s inequality and a union bound
over all a € A and time ¢, we have

’A ’_ 2log(2AT/4) €]

Rula) — ()| <\ [F20ET
for all @ € A and ¢ with probability at least 1 — §.
Suppose (1) holds. Consider the regret at round ¢:

R(a”) — R(a)

= (Rula) = Rolan)) + (Rla") = Ri(@)) + (Fuar) = R(ar))

< (R@) = Burer [20(@)]) + (B, [R1(0)] — Rilar)) + \/ Qljifég/ o) 4 ¢ 210;%3/ ) o

We further bound the first term in (2).

Ri(a*) — Egmn,[Ri(a)] = Eqmr, [Gap,(a)] — Gap,(a*) (by the definition of Gap,)
= Y m(a)Gap,(a) — Gap,(a*)
acA



cA
Gap,(a) 1 A .
< - -5 L= )< A+ A *
= ; AGap,(a) \Am(a*) X (7ta = 7t + AGap,(a*) < A+ AGap,(a*))
24 1
< N
A Am(ar) €)

Now, summing (2) over ¢ and using (3), we get
T
2A 1 - - 21og(2AT/6) 210g(2AT/4)
Regret < - - Eoor R - R
caret = ; ( X e ( [Fee(a)] t(“t)) +\/ N\ T N (@)

24T | ¢ 1 [210g(2AT/5)\ 2log (2AT/6)
DY + 2. <_)\7rt(a*) + N+ a*) ) +; awm (ar )+Z N+ (ar)

term termy terms

Below we bound the expectation of the three terms above. First, notice that when (1) holds,

Alog(2AT/6)
term; < Z o8 2N+/a*;ﬁ( ) (using —u + v2uv < 3 for u,v > 0)
Thus,
T
Aog(2AT /§)mi(a*)
Elt <E + 0T
term; | < LZ; INF (a%)
T
Aog(2AT/6)I{a; = a*}
=E + 0T
LZ_; 2N, (a*)
1 1 1 1 1
= Alog(2AT/O)E |-+ =+ -+ - --- orT
0g(24T/9) {1+1+2+3 +NT+(a*)]+

<O (Mog(AT/6)1logT + 0T) .

It is straightforward that

Finally,

d {a; = a}
term; = +/21log(2AT/0) Z -

acA 1 1 2 N (a)
=0 ( log(AT/0) N;:(a)>
acA
<0 (\/log(AT/ 0),| A (Z N (a))) (by Cauchy-Schwarz inequality)
acA



=0 (\/AT log(AT/5)> .

Hence,

Efterms] = O (\/AT log(AT/8) + §T> .

Choosing § = ©(1/T') and using the assumption that A < T (this is without loss of generality), we get

E[Regret] < O (A)\T + Aog*(T) + /AT log T) .
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