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Review 1:  𝑸⋆/𝑽⋆

𝑉⋆ 𝑠 ≔ maximum expected total reward starting from state 𝑠 

𝑄⋆ 𝑠, 𝑎 ≔ maximum expected total reward starting from state 𝑠 and taking action 𝑎 for 

one step, and then following the optimal strategy

𝑄𝑖 𝑠, 𝑎 ← 𝑅 𝑠, 𝑎 + 𝛾 ෍

𝑠′

𝑃 𝑠′ 𝑠, 𝑎 𝑉𝑖−1(𝑠′)

(for finding the optimal policy)

For 𝑖 = 1, 2, …

for all (𝑠, 𝑎)

for all 𝑠

Value Iteration to approximate 𝑸⋆/𝑽⋆ : 

𝑉𝑖 𝑠 = max
𝑎

 𝑄𝑖(𝑠, 𝑎)



Review 2:  𝑸𝝅/𝑽𝝅

Fix a policy 𝜋

𝑉𝜋 𝑠 ≔ expected total reward starting from state 𝑠 and following policy 𝜋 

𝑄𝜋 𝑠, 𝑎 ≔ expected total reward starting from state 𝑠 and taking action 𝑎 for one step, 

and then following policy 𝜋

𝑄𝑖 𝑠, 𝑎 ← 𝑅 𝑠, 𝑎 + 𝛾 ෍

𝑠′

𝑃 𝑠′ 𝑠, 𝑎 𝑉𝑖−1(𝑠′)

𝑉𝑖 𝑠 = ෍

𝑎

𝜋(𝑎|𝑠) 𝑄𝑖(𝑠, 𝑎)

For 𝑖 = 1, 2, …

for all (𝑠, 𝑎)

for all 𝑠

Approximate 𝑸𝝅/𝑽𝝅 : (for evaluating a given policy)



Policy Iteration
Another way (other than value iteration) to find the optimal policy in an MDP



Policy Iteration

Policy Iteration

For 𝑖 = 1, 2, … 

∀𝑠,  𝜋𝑖 𝑠  ← argmax
𝑎

 𝑄𝜋𝑖−1(𝑠, 𝑎)

Theorem (monotonic improvement).  Policy Iteration ensures

∀𝑠, 𝑎, 𝑄𝜋𝑖 𝑠, 𝑎 ≥ 𝑄𝜋𝑖−1 𝑠, 𝑎

When converged (i.e., 𝜋𝑖 = 𝜋𝑖−1),  we have 𝜋𝑖 = 𝜋⋆. 
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𝑄𝜋 𝐻1, 𝑅 = 1

𝑄𝜋 𝐻1, 𝐺 = 0.5

𝑄𝜋 𝑀1, 𝑅 = 1

𝑄𝜋 𝑀1, 𝑃 = −0.5

𝑄𝜋 𝐿1, 𝐺 = 0.5

𝑄𝜋 𝐿1, 𝑃 = −0.5

𝑄𝜋 𝐻3, 𝑅 = 1

𝑄𝜋 𝐻3, 𝐺 = 2.5

𝑄𝜋 𝑀3, 𝑅 = 1

𝑄𝜋 𝑀3, 𝑃 = 4
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𝑄𝜋 𝐻2, 𝑅 = 1
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𝑄𝜋 𝑠0, = 0.5
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𝜋𝑖+1 = 𝜋𝑖 ⇒ converged 



Policy Evaluation with Samples



Policy Iteration

For 𝑘 = 1, 2, … 

       Calculate 𝑄𝜋𝑘 𝑠, 𝑎  ∀𝑠, 𝑎

       𝜋𝑘+1 𝑠 = argmax
𝑎

 𝑄𝜋𝑘 𝑠, 𝑎  ∀𝑠 

Policy Evaluation

Policy Improvement



Policy Iteration with Samples

For 𝑘 = 1, 2, …

       

Policy Improvement

Evaluate 𝑍𝑘 𝑠, 𝑎 ≈ 𝑄𝜋𝜃𝑘 (𝑠, 𝑎)  for 𝑠 = 𝑠1, … , 𝑠𝑁 and all 𝑎 

For 𝑖 = 1, 2, … , 𝑁:  

Choose action 𝑎𝑖 ∼ 𝜋𝜃𝑘
(⋅ |𝑠𝑖) 

Receive reward 𝑟𝑖 ∼ 𝑅(𝑠𝑖 , 𝑎𝑖) and 𝑠𝑖
′ ∼ 𝑃(⋅ |𝑠𝑖 , 𝑎𝑖) 

𝑠𝑖+1 = 𝑠𝑖
′ if episode continues, 𝑠𝑖+1 ∼ 𝜌 if episode ends 

Data collection

Update 𝜃𝑘+1 from 𝜃𝑘 using the estimators 𝑍𝑘 𝑠𝑖 , 𝑎 𝑖=1
𝑁

Using any technique we introduced for policy-based contextual bandits

Policy Evaluation

or 𝑍𝑘 𝑠, 𝑎 ≈ 𝑄𝜋𝜃𝑘 𝑠, 𝑎 − 𝑏𝑘 𝑠 for 𝑠 = 𝑠1, … , 𝑠𝑁 and all 𝑎 



Monte Carlo Estimators



Policy Evaluation with Monte Carlo Estimator

𝑄𝜋 𝑠𝑖 , 𝑎𝑖 = 𝔼 𝑅 𝑠𝑖 , 𝑎𝑖 + 𝛾𝑅 𝑠𝑖+1, 𝑎𝑖+1 + 𝛾2𝑅 𝑠𝑖+2, 𝑎𝑖+2 + ⋯ + 𝛾𝜏𝑅 𝑠𝑖+𝜏, 𝑎𝑖+𝜏 | following 𝜋

(Expected sum of reward starting from (𝑠𝑖 , 𝑎𝑖) and following 𝑠𝑖+1) End of episode

Recall

A natural estimator 𝑍𝑘 𝑠𝑖 , 𝑎  with 𝔼 𝑍𝑘 𝑠𝑖 , 𝑎 = 𝑄𝜋𝜃𝑘 (𝑠𝑖 , 𝑎):   

𝑍𝑘 𝑠𝑖 , 𝑎 =
𝑟𝑖 + 𝛾𝑟𝑖+1 + 𝛾2𝑟𝑖+2 + ⋯ + 𝛾𝜏𝑟𝑖+𝜏  − 𝑏(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎

Contextual bandit special case:   𝑍𝑘 𝑥𝑖 , 𝑎 = Ƹ𝑟 𝑥𝑖 , 𝑎 =
𝑟𝑖 −𝑏(𝑥𝑖)

𝜋𝜃𝑘
(𝑎|𝑥𝑖)

 𝕀 𝑎𝑖 = 𝑎 (see e.g. Page 34 here)

https://bahh723.github.io/rl2026sp_files/bandits2.pdf


Policy Iteration with Samples (w/ Monte Carlo Estimator)

For 𝑘 = 1, 2, …

       

Policy 
Improvement

Define for 𝑖 = 1, 2, … , 𝑁 and for all 𝑎:    

For 𝑖 = 1, 2, … , 𝑁:  

Choose action 𝑎𝑖 ∼ 𝜋𝜃𝑘
(⋅ |𝑠𝑖) 

Receive reward 𝑟𝑖 ∼ 𝑅(𝑠𝑖 , 𝑎𝑖) and 𝑠𝑖
′ ∼ 𝑃(⋅ |𝑠𝑖 , 𝑎𝑖) 

𝑠𝑖+1 = 𝑠𝑖
′ if episode continues, 𝑠𝑖+1 ∼ 𝜌 if episode ends 

Data collection

Policy Evaluation
𝑍𝑘 𝑠𝑖 , 𝑎 =

𝑟𝑖 + 𝛾𝑟𝑖+1 + 𝛾2𝑟𝑖+2 + ⋯ + 𝛾𝜏𝑟𝑖+𝜏  − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎

𝜃𝑘+1 = argmax
𝜃

1

𝑁
෍

𝑖=1

𝑁

෍

𝑎

𝜋𝜃 𝑎|𝑠𝑖  𝑍𝑘(𝑠𝑖 , 𝑎) −
1

𝜂
KL 𝜋𝜃 ⋅ 𝑠𝑖 , 𝜋𝜃𝑘

(⋅ |𝑠𝑖)  

= argmax
𝜃

1

𝑁
෍

𝑖=1

𝑁
𝜋𝜃 𝑎𝑖 𝑠𝑖

𝜋𝜃𝑘
𝑎𝑖 𝑠𝑖

𝑟𝑖 + 𝛾𝑟𝑖+1 + ⋯ + 𝛾𝜏𝑟𝑖+𝜏  − 𝑏𝑘(𝑠𝑖) −
1

𝜂
KL 𝜋𝜃 ⋅ 𝑠𝑖 , 𝜋𝜃𝑘

(⋅ |𝑠𝑖)  



A Caveat

The episode end may go beyond the end of the data collection phase

Episode 1 Episode 2 Episode 3 Episode 4

Data Collection Phase

Fixed length (𝑁)

Variable length

Therefore, for part of the data (the gray segment above), we’re unable to create 

correct Monte Carlo estimator

𝑍𝑘 𝑠𝑖 , 𝑎 =
𝑟𝑖 + 𝛾𝑟𝑖+1 + 𝛾2𝑟𝑖+2 + ⋯ + 𝛾𝜏𝑟𝑖+𝜏  − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎



A Caveat

The episode end may go beyond the end of the data collection phase

Episode 1 Episode 2 Episode 3 Episode 4

Data Collection Phase

Fixed length (𝑁)

Variable length

Solutions: 

● Use variable length data collection phase that always include complete episodes

● Drop the incomplete-episode samples (the gray part)

● Use alternative estimators we will discuss next





Temporal Difference Estimators



Recall:  Policy Iteration with Samples

For 𝑘 = 1, 2, …

       

Policy Improvement

Evaluate 𝑍𝑘 𝑠, 𝑎 ≈ 𝑄𝜋𝜃𝑘 (𝑠, 𝑎)  for 𝑠 = 𝑠1, … , 𝑠𝑁 and all 𝑎 

For 𝑖 = 1, 2, … , 𝑁:  

Choose action 𝑎𝑖 ∼ 𝜋𝜃𝑘
(⋅ |𝑠𝑖) 

Receive reward 𝑟𝑖 ∼ 𝑅(𝑠𝑖 , 𝑎𝑖) and 𝑠𝑖
′ ∼ 𝑃(⋅ |𝑠𝑖 , 𝑎𝑖) 

𝑠𝑖+1 = 𝑠𝑖
′ if episode continues, 𝑠𝑖+1 ∼ 𝜌 if episode ends 

Data collection

Update 𝜃𝑘+1 from 𝜃𝑘 using the estimators 𝑍𝑘 𝑠𝑖 , 𝑎 𝑖=1
𝑁

Using any technique we introduced for policy-based contextual bandits

Policy Evaluation

or 𝑍𝑘 𝑠, 𝑎 ≈ 𝑄𝜋𝜃𝑘 𝑠, 𝑎 − 𝑏𝑘 𝑠 for 𝑠 = 𝑠1, … , 𝑠𝑁 and all 𝑎 



More General Ways to Create 𝑸𝝅𝜽𝒌 (𝒔, 𝒂) Estimators

Our goal is a create an estimator 𝑍𝑘 𝑠𝑖 , 𝑎  with 𝔼 𝑍𝑘 𝑠𝑖 , 𝑎 = 𝑄𝜋𝜃𝑘 (𝑠𝑖 , 𝑎) 

𝑍𝑘 𝑠𝑖 , 𝑎 =
𝑟𝑖 + 𝛾𝑟𝑖+1 + 𝛾2𝑟𝑖+2 + ⋯ + 𝛾𝜏𝑟𝑖+𝜏  − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎

Previously we set 

In general, the following is a valid estimator:  

𝑍𝑘 𝑠𝑖 , 𝑎 =
Any estimation of 𝑄𝜋𝜃𝑘 (𝑠𝑖 , 𝑎𝑖)  − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎



Using Another Neural Network to Approximate 𝑽𝝅

𝑄𝜋 𝑠𝑖 , 𝑎𝑖 = 𝔼 𝑅 𝑠𝑖 , 𝑎𝑖 + 𝛾𝑅 𝑠𝑖+1, 𝑎𝑖+1 + ⋯ + 𝛾𝜏𝑅 𝑠𝑖+𝜏, 𝑎𝑖+𝜏 | following 𝜋

= 𝔼 𝑅 𝑠𝑖 , 𝑎𝑖 + 𝛾𝑉𝜋(𝑠𝑖+1)| following 𝜋

= 𝔼 𝑅 𝑠𝑖 , 𝑎𝑖 + 𝛾𝑅 𝑠𝑖+1, 𝑎𝑖+1 + 𝛾2𝑉𝜋(𝑠𝑖+2)| following 𝜋

= 𝔼 𝑅 𝑠𝑖 , 𝑎𝑖 + 𝛾𝑅 𝑠𝑖+1, 𝑎𝑖+1 + 𝛾2𝑅 𝑠𝑖+2, 𝑎𝑖+2 + 𝛾3𝑉𝜋(𝑠𝑖+1)| following 𝜋

…

𝑍𝑘 𝑠𝑖 , 𝑎 =
𝑟𝑖 + 𝛾 ෠𝑉(𝑠𝑖+1)  − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎

For example, the following is an estimator for 𝑄𝜋𝜃𝑘 𝑠𝑖 , 𝑎 :  

where ෠𝑉 ≈ 𝑉𝜋𝜃𝑘  



Using Another Neural Network to Approximate 𝑽𝝅

How to estimate 𝑽𝝅? 

𝑉𝑘+1 𝑠 ← ෍

𝑎

𝜋 𝑎 𝑠 𝑅 𝑠, 𝑎 + 𝛾 ෍

𝑠′

𝑃 𝑠′ 𝑠, 𝑎 𝑉𝑘(𝑠′)

Repeat:  

for all 𝑠

With true reward and transition:  

With samples (𝑠1, 𝑎1, 𝑟1, 𝑠2, 𝑎2, 𝑟2, … ) collected from 𝜋 and neural network 𝑉𝜙(𝑠):   

Repeat:  

𝜙𝑘+1 ← argmin
𝜙

 
1

𝑁
෍

𝑖=1

𝑁

𝑉𝜙 𝑠𝑖 − 𝑟𝑖 − 𝛾𝑉𝜙𝑘
𝑠𝑖+1

2



Policy Iteration with Samples (w/ TD Estimator)

For 𝑘 = 1, 2, …

       

Policy 
Improvement

+ 𝑉𝜙 update

Define for 𝑖 = 1, 2, … , 𝑁 and for all 𝑎:    

For 𝑖 = 1, 2, … , 𝑁:  

Choose action 𝑎𝑖 ∼ 𝜋𝜃𝑘
(⋅ |𝑠𝑖) 

Receive reward 𝑟𝑖 ∼ 𝑅(𝑠𝑖 , 𝑎𝑖) and 𝑠𝑖
′ ∼ 𝑃(⋅ |𝑠𝑖 , 𝑎𝑖) 

𝑠𝑖+1 = 𝑠𝑖
′ if episode continues, 𝑠𝑖+1 ∼ 𝜌 if episode ends 

Data collection

Policy Evaluation
𝑍𝑘 𝑠𝑖 , 𝑎 =

𝒓𝒊 + 𝜸 𝑽𝝓𝒌
(𝒔𝒊+𝟏) − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎

𝜃𝑘+1 = argmax
𝜃

1

𝑁
෍

𝑖=1

𝑁

෍

𝑎

𝜋𝜃 𝑎|𝑠𝑖  𝑍𝑘(𝑠𝑖 , 𝑎) −
1

𝜂
KL 𝜋𝜃 ⋅ 𝑠𝑖 , 𝜋𝜃𝑘

(⋅ |𝑠𝑖)  

𝜙 ← 𝜙 − 𝛼∇𝜙

1

𝑁
෍

𝑖=1

𝑁

𝑉𝜙 𝑠𝑖 − 𝑟𝑖 − 𝛾𝑉𝜙𝑘
𝑠𝑖+1

2

Perform several times: 



Policy Iteration with Samples (w/ TD Estimator)

For 𝑘 = 1, 2, …

       

Policy 
Improvement

+ 𝑉𝜙 update

Define for 𝑖 = 1, 2, … , 𝑁 and for all 𝑎:    

For 𝑖 = 1, 2, … , 𝑁:  

Choose action 𝑎𝑖 ∼ 𝜋𝜃𝑘
(⋅ |𝑠𝑖) 

Receive reward 𝑟𝑖 ∼ 𝑅(𝑠𝑖 , 𝑎𝑖) and 𝑠𝑖
′ ∼ 𝑃(⋅ |𝑠𝑖 , 𝑎𝑖) 

𝑠𝑖+1 = 𝑠𝑖
′ if episode continues, 𝑠𝑖+1 ∼ 𝜌 if episode ends 

Data collection

Policy Evaluation

𝜃𝑘+1 = argmax
𝜃

1

𝑁
෍

𝑖=1

𝑁

෍

𝑎

𝜋𝜃 𝑎|𝑠𝑖  𝑍𝑘(𝑠𝑖 , 𝑎) −
1

𝜂
KL 𝜋𝜃 ⋅ 𝑠𝑖 , 𝜋𝜃𝑘

(⋅ |𝑠𝑖)  





A Family of 𝒁𝒌 Estimators 

𝑍𝑘 𝑠𝑖 , 𝑎 =
𝒓𝒊 + 𝜸𝒓𝒊+𝟏 + ⋯ + 𝜸𝝉−𝒊𝒓𝝉 − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎 Monte Carlo (MC) Estimator

𝑍𝑘 𝑠𝑖 , 𝑎 =
𝒓𝒊 + 𝜸𝑽𝝓(𝒔𝒊+𝟏

′ ) − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎 Temporal Difference (TD) Estimator

𝑍𝑘 𝑠𝑖 , 𝑎 =
𝒓𝒊 + 𝜸𝒓𝒊+𝟏 + 𝜸𝟐𝒓𝒊+𝟐 + ⋯ + 𝜸𝒎𝒓𝒊+𝒎 + 𝑽𝝓(𝒔𝒊+𝒎+𝟏

′ ) − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎

Multi-step TD Estimator

(If the episode ends before 𝑚 steps, this falls back to the MC estimator)



Recall:  A Caveat of MC Estimator   

The episode end may go beyond the end of the data collection phase

Episode 1 Episode 2 Episode 3 Episode 4

Data Collection Phase

Fixed length (𝑁)

Variable length

Issue: we may not construct 𝑟𝑖 + 𝛾𝑟𝑖+1 + 𝛾2𝑟𝑖+2 + ⋯ + 𝛾𝜏𝑖𝑟𝑖+𝜏𝑖
 for all 𝑖

Solution:  use 𝑟𝑖 + 𝛾𝑟𝑖+1 + 𝛾2𝑟𝑖+2 + ⋯ + 𝛾𝑁−𝑖𝑟𝑁 + 𝛾𝑁−𝑖+1𝑉𝜙(𝑠𝑁
′ ) if 𝑖 is in 

an incomplete episode



Recall:  A Caveat of MC Estimator 

E.g., 𝑁 = 16.  Episodes end at steps 5, 11, 19 

For 𝑖 = 1, … , 5:  

𝑍𝑘 𝑠𝑖 , 𝑎 =
𝒓𝒊 + 𝜸𝒓𝒊+𝟏 + ⋯ + 𝜸𝟓−𝒊𝒓𝟓 − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎

For 𝑖 = 6, … , 11:  

𝑍𝑘 𝑠𝑖 , 𝑎 =
𝒓𝒊 + 𝜸𝒓𝒊+𝟏 + ⋯ + 𝜸𝟏𝟏−𝒊𝒓𝟏𝟏 − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎

For 𝑖 = 12, … , 16:  

𝑍𝑘 𝑠𝑖 , 𝑎 =
𝒓𝒊 + 𝜸𝒓𝒊+𝟏 + ⋯ + 𝜸𝟏𝟔−𝒊𝒓𝟏𝟔 + 𝜸𝟏𝟕−𝒊𝑽𝝓(𝒔𝟏𝟔

′ ) − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎



How to Calculate 𝒁𝒌 Efficiently for MC Estimator

Assume we have collected 𝑠1, 𝑎1, 𝑟1, 𝑠1
′ , 𝑠2, 𝑎2, 𝑟2, 𝑠2

′ , … , 𝑠𝑁, 𝑎𝑁 , 𝑟𝑁 , 𝑠𝑁
′ ,  where

𝑠𝑖+1 = 𝑠𝑖
′ if 𝑠𝑖

′ is not a terminal state, and 𝑠𝑖+1 is redrawn from initial state otherwise. 

How to calculate 

𝑟𝑖 + 𝛾𝑟𝑖+1 + 𝛾2𝑟𝑖+2 + ⋯ + 𝛾𝜏𝑖𝑟𝑖+𝜏𝑖

efficiently for all 𝑖 = 1, … , 𝑁 ?

Naïve implementation requires O 𝑁 × episode_length  time

𝑟𝑖 + 𝛾𝑟𝑖+1 + 𝛾2𝑟𝑖+2 + ⋯ + 𝛾𝑁−𝑖𝑟𝑁 + 𝛾𝑁−𝑖+1𝑉𝜙(𝑠𝑁
′ )



How to Calculate 𝒁𝒌 Efficiently for MC Estimator

For an incomplete episode

For a complete episode that ends at 𝜏



How to Calculate 𝒁𝒌 Efficiently for MC Estimator

For 𝑖 = 𝑁, 𝑁 − 1, … , 1:  

If 𝑠𝑖
′ is a terminal state: 

𝐺𝑖 = 𝑟𝑖

Else: 

𝐺𝑖 = 𝑟𝑖 + 𝛾𝐺𝑖+1

𝑍𝑘 𝑠𝑖 , 𝑎 =
𝐺𝑖 − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎

𝐺𝑁+1 = 𝑉𝜙(𝑠𝑁
′ )

Define

For 𝑖 = 1, … , 𝑁:  

Remark:  For TD estimator, 𝐺𝑖 is simply calculated as 𝑟𝑖 + 𝛾𝑉𝜙(𝑠𝑖
′)

For general (𝑚-step) estimator, we can also design efficient algorithm (omitted)



Policy Iteration with Samples

For 𝑘 = 1, 2, …

       

Policy 
Improvement

+ 𝑉𝜙 update

Define for 𝑖 = 1, 2, … , 𝑁 and for all 𝑎:    

For 𝑖 = 1, 2, … , 𝑁:  

Choose action 𝑎𝑖 ∼ 𝜋𝜃𝑘
(⋅ |𝑠𝑖) 

Receive reward 𝑟𝑖 ∼ 𝑅(𝑠𝑖 , 𝑎𝑖) and 𝑠𝑖
′ ∼ 𝑃(⋅ |𝑠𝑖 , 𝑎𝑖) 

𝑠𝑖+1 = 𝑠𝑖
′ if episode continues, 𝑠𝑖+1 ∼ 𝜌 if episode ends 

Data collection

Policy Evaluation
𝑍𝑘 𝑠𝑖 , 𝑎 =

𝑮𝒊 − 𝑏𝑘(𝑠𝑖)

𝜋𝜃𝑘
(𝑎|𝑠𝑖)

 𝕀 𝑎𝑖 = 𝑎

𝜃𝑘+1 = argmax
𝜃

1

𝑁
෍

𝑖=1

𝑁

෍

𝑎

𝜋𝜃 𝑎|𝑠𝑖  𝑍𝑘(𝑠𝑖 , 𝑎) −
1

𝜂
KL 𝜋𝜃 ⋅ 𝑠𝑖 , 𝜋𝜃𝑘

(⋅ |𝑠𝑖)  

𝜙 ← 𝜙 − 𝛼∇𝜙

1

𝑁
෍

𝑖=1

𝑁

𝑉𝜙 𝑠𝑖 − 𝑟𝑖 − 𝛾𝑉𝜙𝑘
𝑠𝑖+1

2

Perform several times: 

with 𝑏𝑘 𝑠𝑖 = 𝑉𝜙(𝑠𝑖)



Generalized Policy Iteration

For 𝑖 = 1, 2, …  

𝜋𝑖(𝑠) = argmax
𝑎

 𝑄𝑖(𝑠, 𝑎)

𝑄(𝑠, 𝑎) ← 𝑅 𝑠, 𝑎 + 𝛾 ෍

𝑠′,𝑎′

𝑃 𝑠′ 𝑠, 𝑎 𝜋𝑖 𝑎′ 𝑠′ 𝑄(𝑠′, 𝑎′)

Repeat for 𝑁 times:  

𝑄 ← 𝑄𝑖

𝑄𝑖+1 ← 𝑄

Policy update

Value update

𝑁 = 1 ⇒ Value Iteration for policy optimization

𝑁 = ∞ ⇒ Policy Iteration

Notice:  in value iteration, there may not exist a policy 𝜋 such that 𝑄𝑖 = 𝑄𝜋

In contrast,  in policy iteration we have 𝑄𝑖 = 𝑄𝜋𝑖−1

VI can be viewed as PI with incomplete policy evaluation



Generalized Policy Iteration

Value Update Policy Update× 𝑁

𝑄 ← 𝒯𝜋𝑄 𝜋(𝑠) ← argmax𝑎 𝑄(𝑠, 𝑎)

𝑄 ← 𝒯𝜋𝑄  means 𝑄(𝑠, 𝑎) ← 𝑅 𝑠, 𝑎 + 𝛾 ෍

𝑠′,𝑎′

𝑃 𝑠′ 𝑠, 𝑎 𝜋 𝑎′ 𝑠′ 𝑄 𝑠′, 𝑎′ for all 𝑠, 𝑎

● Provide a unified view for algorithms approximating optimal policy with known 𝑃, 𝑅

● Provide a unified view for “value-based” and “policy-based” algorithms

● Compared with bandits:  

● The 𝑅 is replaced by 𝑄 (could be 𝑄𝜋 or 𝑄⋆) to capture the long-term goal of the learner



Summary for Policy-Based RL Algorithms

● We introduce Policy Iteration, an algorithm that iterates between policy 

evaluation and policy improvement, assuming access to true transition and 

reward

● We introduce the PPO algorithm for MDPs 

● Almos the same as its special case in contextual bandits, except that we replace 

Ƹ𝑟𝑘(𝑥, 𝑎)  (an estimator for 𝑟(𝑥, 𝑎))  by 𝑍𝑘(𝑠, 𝑎) (an estimator for 𝑄𝜋𝜃𝑘 (𝑠, 𝑎))  

● There are a family of estimators you may choose from, depending on how much the 

algorithm relies on 𝑉𝜙 or real reward collected from environments

● 𝑉𝜙 also serves the baseline

● We introduce Generalized Policy Iteration as a way to unify Policy Iteration 

and Value Iteration
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