Approximate Policy lteration and Variants
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Review 1: Q*/V*

V*(s) == maximum expected total reward starting from state s

Q*(s,a) == maximum expected total reward starting from state s and taking action a for
one step, and then following the optimal strategy

Value Iteration to approximate Q* /V* : (for finding the optimal policy)

Fori=1,2,..
Qi(s,a) « R(s,a) + VZ P(s'[s,a) Vi_1(s") forall (s,a)
Sl

Vi(s) = max Q;(s, a) for all s
a




Review 2: Q™ /V™

Fix a policy

V™ (s) .= expected total reward starting from state s and following policy =

Q™ (s, a) := expected total reward starting from state s and taking action a for one step,
and then following policy

A

Approximate Q™ /V™ :  (for evaluating a given policy)

Fori=1,2,..
Qi(s,a) « R(s,a) + VZ P(s'[s,a) Vi_1(s") forall (s,a)

Vi(s) = z n(als) Qs(s, a) for all s

a




Policy lteration

Another way (other than value iteration) to find the optimal policy in an MDP



Policy Iteration /L Q) G < RO T 2 ppe) e Qi)

Policy Iteration @
Fori=1, 2,.. _J
Vs, (S) — argmax(Q”l 1(s, a)j

Call the (%) oJ;O +o ca(/m/~re R

Ia VI, tlere M\rj‘r(, hot exist a ’Do(.cﬁ T, sultiat @; ’Ql

Theorem (monotonic improvement). Policy lteration ensures

Vs, a, Q"i(s,a) = Q™-1(s,a)

When converged (i.e., m; = m;_4), we have m; = ™.
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Policy Evaluation with Samples



Policy Iteration

Fork =1, 2,..
Calculate Q@S, a) Vs,a Policy Evaluation

M 4+1(s) = argmax Qk(s,a) Vs Policy Improvement
’ a




Policy Iteration with Samples

Fork =1, 2,. )
S, 0. r\-,g/ -
Fori=1,2,. C )

Choose aCtlon Y Iso) Data collection

Receive reward r; » R(s;, a;) and s; ~ P(- |s;, a;)

si+1 = S; if episode continues, s;;; ~ p if episode ends

~ Q" 0k = nd all
Evaluate Z,(s,a) = Q"% (s,a) fors =s4,...,sy and all a Policy Evaluation

or Z,(s,a) =~ Q"% (s,a) — by (s)fors = s, ...,sy and all a

Update 6., from 6, using the estimators {Z,(s;, a)}}_,

Using any technique we introduced for policy-based contextual bandits Policy Improvement




Monte Carlo Estimators



Policy Evaluation with Monte Carlo Estimator

2 ) T
Recall fon o Yl Y bt Vlas + Y bz
E@"‘ YR(Sis1, Qig1) + VZR(SHZ» Qi) + -+ VY R(Si4r, Qi) followmg ]
1

(Expected sum of reward starting from (s;, a;) and following s;,;) End of episode

A natural estimator Z, (s;, a) with IE[Zk(sl, a)| = ”9k (s;,a):

R (g ﬁ‘
@:w Tz+2m bs)
Zk(Sl — a}
nek(alsl)

Contextual bandit special case: Z,(x;,a) = #(x;,a) = ;;_(ba(lx;)) I{a; = a} (see e.g. Page 34 here)
k l


https://bahh723.github.io/rl2026sp_files/bandits2.pdf

Policy Iteration with Samples (w/ Monte Carlo Estimator)

Fori=1,2,..,N:
Choose action a; ~ mg, (- [s;)

Receive reward r; ~ R(s;,a;) and s; ~ P(: |s;, a;)

si+1 = s; if episode continues, s;;; ~ p if episode ends

Define fori =1, 2, ..., N and for aII(P:
VTTHT

by (si)

L\;ek(am)\/ —_— |

N
1
Ok41 = arg;nax {Nz (Z ng(als;) Zi(s;,a) — ;KL(ﬂe(' |s:), 6, (- I51))

i+ YT+ YT + o I{a; = a}
;=

Zy(sy,a) =

1

S

i=1 a

N
1 i1S; 1
@rggnax {N E (;T:k((iilisi)) (ri +yriz1 + -+ ¥ e — br(sy)) —EKL(ne(' |5:), g, (- |Si))>}

i=1

Data collection

Policy Evaluation

Policy
Improvement




A Caveat

The episode end may go beyond the end of the data collection phase

Variable length

AL 9{.,5\;
- ™~ gE
Episode 1 Episode 2 pisgde 3 Episode 4
Data Collection Phase T . ~he time index after (
- ~ / bare +lo e/o:;w £t omds

Fixed length (N)

Therefore, for part of the data (the gray segment above), we’re unable to create
correct Monte Carlo estimator 85 4 )

*ﬁ + Vi, + o+ Tm—b S;
Zk(ii:a)= [ VYTit+1 YV Tit2 V Tit+g k( l) ]I{al-=a}

g, (als;)




A Caveat

The episode end may go beyond the end of the data collection phase

Variable length

N ’
. ™
Episode 1 Episode 2 Episode 3 Episode 4
Data Collection Phase
N\ J
'

Fixed length (N)

Solutions:

e Use variable length data collection phase that always include complete episodes
e Drop the incomplete-episode samples (the gray part)
e Use alternative estimators we will discuss next
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Temporal Difference Estimators



Recall: Policy lteration with Samples

Fork =1, 2,..
Fori=1,2,..,N:
Choose action a; ~ mg, (- [s;)

Receive reward r; ~ R(s;,a;) and s; ~ P(: |s;, a;)

. . . . . T
si+1 = S; if episode continues, s;;; ~ p if episode ends &

=~ Tl,'gk =
Evaluate Z,(s,a) = Q"% (s,a) fors =s4,...,sy and all a < Policy Evaluation

or Z,(s,a) =~ Q"% (s,a) — by (s)fors = s, ...,sy and all a

Update 6., from 6, using the estimators {Z,(s;, a)}}_,

Using any technique we introduced for policy-based contextual bandits Policy Improvement




More General Ways to Create Q™% (s, a) Estimators

Our goal is a create an estimator Z, (s;, a) with E[Z,(s;, a)] = Q"% (s;, a)

Previously we set

gr- + YTip1 + ViTipy + o+ YT 3—19 S;
Zk(Si; a) l VTi+1 14 L;Z (a g YV Titr k( l) H{ai _ a}
k | 15 §

it Lawplts frem e porvirmadl

In general, the following is a valid estimator:

Any estimation of Q™%x (s;, a;) — by (s;) '

Z, (s, @) =
(s, 0) e )

{a; = a}




Using Another Neural Network to Approximate V'™

Q" (s, a;) = E[R(s;, a;) + YR(Siv1,Qiy1) + - + Y R(Si4r, a4 | following 7]
= E[R(s;, a;) + yV™(s;41)]| following 7]

= E[R(s;, ;) + YR(Si41,Ais1) + ¥V (5i42)] following ]

= E[R(s;, a;) + YR(Si+1, Giv1) + V2R (Sit2,Ai42) + ¥V (5i41)] following m]

/g[/z(m 4 YRut, hea) Tt PR (arbag

For example, the foIIowmg Is an estimator for Q”Qk (s;,a):
{ = Y(r,,, £V T 4y g +

S — by, (s .
Visira) (i) I{a; = a} where V =~ V™%
alSl)

T;
Zk(Sl a) = —




Using Another Neural Network to Approximate V'™

How to estimate V*?

With true reward and transition:

Repeat:

Vier1(8) < z m(als) (R(S; a) + Vz P(s'ls,a) Vk(S’)> for all s

With samples (s1, ay, 11, 82, a3, 13, ...) collected from m and neural network Ve (s):

Repeat:

N
1 2
Pr+1 < argmin E (V¢(Si) — T~ YV¢k(5i+1))
¢ i=1




Policy Iteration with Samples (w/ TD Estimator)

Fork =1, 2,..
Fori=1,2, .., N:
Choose action a; ~ g, (- |s;) .
k Data collection
Receive reward r; ~ R(s;,a;) and s; ~ P(: |s;, a;)

si+1 = S; if episode continues, s;;; ~ p if episode ends

Define fori =1, 2,..., N and for all a:

ri+ vy Ve, (Sitz1) — br(s;) Policy Evaluation
YA ‘) = I{a: =
k(Sl a) g, (alsi) {Cll a} |
y —
1 1 |
Ok+1 = argmax Nz 2 g (als;) Zx(si, a) —=KL(mg (- Is;), ma, (- |5)) Policy
0 i-1\‘a g Improvement
| 1< » + V4 update
Perform several times: ¢ < ¢ —aV, Nz: (qu(sl-) —71; — VV¢k(Si+1))
i=1 =




Policy Iteration with Samples (w/ TD Estimator)

Fork =1, 2,..
Fori=1,2, .., N:
Choose action a; ~ g, (- |s;) .
k Data collection
Receive reward r; ~ R(s;,a;) and s; ~ P(: |s;, a;)

si+1 = S; if episode continues, s;;; ~ p if episode ends

Definefori =1,2,...,N and
fi b(* Policy Evaluati
Zg (S:/a) - \ﬁ + 2) 1 Q/J (gn‘l ( )124 C\S olicy Evaluation

7&(«’

N
1 1
Op+1 = argmax {NZ <z mg(als;) Zy(s;, a) —;KL(ng(- |5:), g, (- |Si))> } Policy

i=1 \ a Improvement

Ul camlins: P & ¢ — Uy N 2 (\/¢ A (su>

+ V, update
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A Family of Z, Estimators

ri+Yrigq + -+ vl — b (s
Zi(s;,@) = — e v Te— bilsi) I{a; =a} Monte Carlo (MC) Estimator
o, (als;)

ri + ¥V(Sit1) — br(s;)

Zy(s;, @) =
(i, @) g, (a|s;)

[{a; = a} Temporal Difference (TD) Estimator

T+ Vi + VT + -+ Y™ iom + Vo (Sizma1) — br(s) '

/ ) —
(50 0) @l

{a; = a}

Multi-step TD Estimator

(If the episode ends before m steps, this falls back to the MC estimator)




Recall: A Caveat of MC Estimator

The episode end may go beyond the end of the data collection phase

Variable length

N
a ™
Episode 1 Episode 2 Episode 3 Episode 4
Data Collection Phase
N\ J
'

Fixed length (N)

Issue: we may not construct r; + yryq + Y21, + o + Y ity foralli

Solution: use r; + y1i4q +¥2ripn + o+ ¥V iy + YV (sy) ifiisin
an incomplete episode



Recall: A Caveat of MC Estimator

E.g., N = 16. Episodes end at steps 5,11, 19

Fori=1,..,5:
Ti+ Yrigr + -+ ¥>"'rs — br(s;)
Zy(s;, @) = {a; =
ri+yrizs + o+ ¥y — be(s)
Z(s;,a) = I{a; =
Fori=12,...,16:
ri +YTigr + o+ Y176 + vV Wy (she) — br(s;
Z,(s; ) = i TYTi+1 ) 4 16 TV ¢ (516) k(Si) I{a; = a}

g, (als;)



How to Calculate Z;, Efficiently for MC Estimator

Assume we have collected (s, a4,71,51), (S5, a5,75,53), ..., (Sy, an, T, Sy), Where
si+1 = S; if s; is not a terminal state, and s;,; is redrawn from initial state otherwise.

How to calculate
i+ YTip1 + Vi + o+ YL,
1+ Yl F VT + o+ YN Ty F VTV, (sp)

efficiently foralli =1,...,N ?

Naive implementation requires O(N X episode_length) time



How to Calculate Z;, Efficiently for MC Estimator

For an incomplete episode

For a complete episode that ends at



How to Calculate Z;, Efficiently for MC Estimator

Gny1 = qu(Sz,v)
Fori=N,N-1,..,1:
If s; is a terminal state:

G =1
Else:
Gi =13 +YGitq
Fori=1,..,N:
Gi — by (s;)
i Z.(s;,a) = I{a: =
Define Z,(s;,a) =N {a; = a}

Remark: For TD estimator, G; is simply calculated as 7; + yVy (s;)
For general (m-step) estimator, we can also design efficient algorithm (omitted)



Policy Iteration with Samples

Fork =1, 2,..
Fori=1,2,..,N:
Choose action a; ~ mg, (- |s;)
Receive reward r; ~ R(s;,a;) and s; ~ P(: |s;, a;)
si+1 = S; if episode continues, s;;; ~ p if episode ends

Define fori =1, 2,..., N and for all a:
G; — by (s;)

Zi(s;,a) = N {a; =a}  with bi(s;) = Vi (s;)

N
1 1
O+1 = e {Nz <2 g (als;) Z (s, a) —;KL(ﬂe(' i), 7o, (- |Si))> }
i=1

a

N
1 2
Perform several times: ¢ < ¢ —aV, Nz (V(,,(si) —71; — VV¢k(Si+1))
i=1

Data collection

Policy Evaluation

Policy
Improvement

+ V, update




N = oo = Policy Iteration

Generalized Policy Iteration

N = 1 = Value Iteration for policy optimization

Fori=1,2,..

m;(s) = argmax Q;(s,a) «—— Policy update
a

Q < Q;

Repeat for N times:

Q(s,a) « R(s,a) +vy z P(s'|s,a)m;(a’|s")Q(s',a") <+t |Value update
s’,a'

Qi+1 < 0Q

Notice: in value iteration, there may not exist a policy = such that Q; = Q™
In contrast, in policy iteration we have Q; = Q™i-1
VI can be viewed as Pl with incomplete policy evaluation



Generalized Policy Iteration

x N Value Update Policy Update

Q< T"Q n(s) « argmax, Q(s,a)

Q «T™Q means Q(s,a) < R(s,a)+vy z P(s'|s,a) m(a’|s")Q(s’,a’) foralls,a

I o/

s'a

e Provide a unified view for algorithms approximating optimal policy with known P, R
e Provide a unified view for “value-based” and “policy-based” algorithms

e Compared with bandits:
e The R is replaced by Q (could be Q™ or Q*) to capture the long-term goal of the learner



Summary for Policy-Based RL Algorithms

e \We introduce Policy Iteration, an algorithm that iterates between policy

evaluation and policy improvement, assuming access to true transition and
reward

e We introduce the PPO algorithm for MDPs

e Almos the same as its special case in contextual bandits, except that we replace
#.(x,a) (an estimator for r(x,a)) by Z,(s,a) (an estimator for Q"°« (s, a))

e There are a family of estimators you may choose from, depending on how much the
algorithm relies on V,, or real reward collected from environments

LA also serves the baseline

e \We introduce Generalized Policy lteration as a way to unify Policy lteration
and Value lIteration
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